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Abstract

In this paper, we will introduce the variety of bounded Hilbert algebras
with Moisil possibility operators o1,02,...,0,_1, called MI2-algebras.
First, we give a characterization of MI2-congruences in terms of a par-
ticular class of deductive systems, namely modal deductive systems. Fur-
thermore, from the above results on M I2-congruences, the principal ones
are described. In addition, we proved that the variety of MIJ-algebras is
semisimple.

Keywords: Hilbert algebras; bounded Hilbert algebras; Moisil possibility op-
erators.

Introduction

In 1923, David Hilbert proposed to study implicative fragment of intuitionistic
propositional calculus. This fragment is well-known as positive implicative
calculus and its study was begun in 1935 by D. Hilbert and P. Bernays.

In 1950, L. Henkin ([13]) introduced implicative models as algebraic mod-
els of positive implicative calculus. Later, A. Monteiro renamed it as Hilbert
algebras and his Ph. D. student A. Diego ([10, 11, 12]) made one of the most
important contributions to this algebraic structure which we can define as fol-
low:

A Hilbert algebra (or I-algebra) is an algebra (A, —,1) of type (2,0) such
that the following axioms hold in A :

1) 1—z=ux,
(12) z » z =1,

I13) 2 = (y—2)=(z—y) = (x = 2),
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(I4) =y = (y—2)=22)=(y—2)=>(z—-y) —>y).

The variety of Hilbert algebras is denoted by Z. For each A € 7 the
following properties are verified:

(I5) z —1=1,

(I6) the binary relation < defined by = < y if and only if x — y = 1 is a
partial order on A with greatest element 1.

I7) 2= (y—2) =y — (x = 2),
(I8) z <y impliesy — z < x — z,
19) 2 - (y —z) =1,

(I10) x <y implies z = x < z = y.

A. Monteiro ([16]), proved that the semisimple I-algebras are those that
verify the additional identity:

(I11) (z — y) 5 x = =.

This author called Tarski algebras to semisimple I-algebras and Pierce law
to identity I11.

(I12) Let A be an [-algebra and let t € A. We say that ¢t € A is a tarskian
element of A if ¢ satisfies the identity:

(T) (t >x) >t=tforall z € A,
The set of all tarskian elements of an I-algebra A is denoted by T'(A).

Let A be a Hilbert algebra. A subset D C A is a deductive system of A
([2, 14]) if 1 € D and if x,&# — y € D, then y € D. The set of all deductive
systems of a Hilbert algebra A is denoted by D(A).

Other interesting properties of I-algebras are the following:

(I13) The deductive system generated by a set X C Ais [X) := ({D € D(A) :
X C D}. In particular, if X = {a}, the principal deductive system is
[a) ={z € A:a<zx}.
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(I14) If A is an I-algebra and Cong(A) is the set of all I-congruences of A,
then Cony(A) = {R(D) : D € D(A)} where R(D) = {(z,y) € A? : v —
y € D, y = x € D}. Besides, [l]gpy = D and if © € Cong(A), then
R((1]e) = .

A bounded Hilbert algebra (see [3, 5]) is a Hilbert algebra A with an element
0 € A such that 0 — a =1, for every a € A. The notation a* means a — 0.

The following result has been proved by Busneag in [2, 4].

(I15) Let A be a bounded Hilbert algebra. Then, the following conditions are
equivalent:

(i) A is a Boolean lattice,

(ii) for all z € A, 2™ = x.

1 MlI,-algebras

Gr. C. Moisil introduced the 3-valued Lukasiewicz algebras as algebraic models
of 3-valued Lukasiewicz propositional calculus. It is well known that in 3-
valued Lukasiewicz algebras it is possible to define an implication operator
which shows that 3-valued Lukasiewicz algebras are a special case of Hilbert
algebras. This result was, in some way, the motivation of the papers [6] and
[7].

L. Iturrioz introduced in [15] the notion of modal operators on symmetric
Heyting algebras and defined the class of SH,-algebras. In [7, 8] Canals Frau
and Figallo consider some reducts of this class. In particular, they introduced
the following definition.

A Hilbert algebra of order n, (n > 2), with the Moisil possibility opera-
tors (or M I, —algebra) is an algebra (A, —,01,...,0,-1,1) of type (2,1,...,1,0)
such that the reduct (A, —,1) is a I-algebra and o1, ..., 05,1 are unary oper-
ations satisfying the following axioms:

(M1) (012 = y) = x ==z,
(M2) oi(z = y) = (osx = ojy)=1,1<i<j<n-—-1,

(M3) (o2 = o;y) — ((oip12 = 0iv1y) — ... ((Op—12 = op_1y) — iz —

y)..) =1,
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(M4) oi(z = ojy) =2 = o5y, 1 <i,j <n-—1,
(M5) o1z = (x = oyx) = ojz, 1 <i<j<n-—1
From now on, we will denote by MZ,, the variety of M I,-algebras.

Remark 1.1 In [7] M I,,-algebras were called (n+1)-valued modal Hilbert alge-
bras, following the terminology of Iturrioz we have called them Hilbert algebras
of order n with Moisil operators.

Now, we will summarize some useful properties of M I,,-algebras (see [7]).

or <z,

oz <ox<...<op 17,

T < op- 17,

=

M12) oi(ojx = y) = o5z — o3y, @ < j,

M14) z = ojy < oj(z = y),

)
)
)
)
)
) x <y implies oy < oy,
)
)
)
M15) oj(z = y) < ojz — 05y,
)

(
(
(
(M13) z = oj(z = y) =0j(z = v),
(
(
(

M16) (o1x — o1y) — ((o2x — o2y) — ...((op—12 — on_1y) — (x —

y)-.)=1,

M17) o,z =03y foralli=1,2,...,n— 1, implies x = y,

M18) (ojx = y) = ojz = ojz,

M20

(M17)

(M18)

(M19) op—12 = (x — 012) — =,

(M20) o1(o1y — ) = (o1(012 = 2) = (01y = 2)) = L.
(M21)

M21) The algebra CM! = (C,,, —,01,...,0,_1,1), where C, = {0, ﬁ, e Z—:%, 1},

1 ifze< 0 fk+5j<n-1,
T—y= =Y and o;(-25) = ) 27 0<k<n-1,
y x>, " 1 ifk+j>n—-1

is a M I,-algebra, called the standard M I,-algebra.
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In the M I,—algebra Cﬂﬂ with 2 < k < n—1 we can define oy, 041, ..., 0n-1
being o, = 011 = ... = op—1. Hence, the chain Cﬁ/H e MZ,.

(M22) Let A € MZ,. D € D(A) is a modal deductive system if it satisfies the
following condition: z € D implies o1z € D.

The set of all modal deductive system of a M I,-algebra A it is denoted by
D (A).

Let Ae MZ,, X C Aand a € A\ X. D,,(X) denotes the modal deductive
system of A generated by X and D,, (X, a) denotes the modal deductive system
of A generated by X U{a}. Moreover, if B is a subalgebra of A we will denote
B A.

Next, for the purpose of describing properties of modal deductive system
we use the following notation introduced by Busneag in ([2]) and frequently
used by different authors:

Tn if n=1

(1’1,. . -al‘n—l;zcn) = {

x1 = (T2, ..., Tp_132y) if n>1

(M23) Let A € MZ,, X C A and a € A. Then, the following conditions are
verified:
(i) Dpp(X)={x € A: 3 hy,....,hx € X : (61h1,...,01hg;x) =1},
(ii) Dip(a) ={z € A: (o1a;2) =1} = [010).
(i) Dp(X U{a}) ={z € A: (01a;2) € Dp(X)}.

On the other hand, it is easy to see that:

(M24) If A € MZ,,, B<A and Dp € D,,(B). Then, there exists D € D,,(A)
such that Dgp = DN B.

(M25) Let A € MZ,, and M € D,,(A). Then, the following conditions are
equivalents:
(i) M is a maximal,
(i) A/M is a simple MI,-algebra,
(iii) A/M ~ S« CML
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2 Bounded MI,-algebras

In this section we are going to introduce the variety of bounded Hilbert algebras
with Moisil possibility operators.

Definition 2.1 A bounded MI,,—algebra (or M 10-algebra) is an algebra (A, —,
Oly...y0n-1,0,1) of type (2,1,...,1,0,0) where (A,—,01,...,0n-1,1) is a
M1I,,-algebra and it satisfies the following additional condition:

(A1) 0 -z =1.
We will denote by MZ? the variety of MIC-algebras.

Example 2.2 The algebra C’nMIO = (Ch,—,01,...,0n-1,0,1) considered in
(M21) is a MI2—algebra.

We will list some basic properties valid in the M Ig-algebras, proving just
some of them.

Proposition 2.3 Let A € MI?L Then, the following properties are satisfied:
A2

A3

oix* =x*

o>

4) oj(ox)* = (os2)%,

>

5 ( ) — 0;T = 0;X,

>

6) oi((oix)" = owy) = (0:x)" — o4y,

) o
)
)
)
)
7) (oiz)"* = o4z,
)
)
)
)
)

>

AB) (osx)* = (04y)* = o3y — oy,

¥ = (op—12)",

(
(
(
(
(
(
(
(A9
(A10) ojz* = (op—12)",
(A11) oi(o12)* = (012)%,
(A12) (o1z — (01y)*)* > x=1.
Proof.

(A2): From Al and M6, we have that 010 = 0. Then, from M19, we infer that
0n—10 = (0 = 010) — 0 = 0. Hence, from M9, we conclude that ;0 = 0.
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(A6): From A4, we have that o;((o;z)* — 0;y) = 04(0i((0iz)*) — o;y). Hence,
taking into account M12 and M7, we obtain that o;((c;x)* — o;y) =
(Uix)* — 0;0;Y = (Jzaj)* — 0;Y.

(A7): From A1, 110 and M18, we have that (o;2 — 0) - 0 < (o052 — 0) —
oix = o;x. So, (o;x)** < g;xz. On the other hand, from I7 and 12 we
obtain that o;x — (0;2)** = oz — ((oc;z — 0) — 0) = (o;z — 0)
— (0 — 0) = 1 from which we get that o,z < (o;2)**.

(A9): From M10 and I8, we have that (o,2)* < z*. On the other hand, since
o1z < z and so, from I8, we obtain that z* — (o12)* = (x — 0) —
(o1z — 0) = 1. Besides, from 17 and M5 we have that * — (o,,—12)* =
(x = 0) = (op—1z > 0) = op_12 — ((x - 0) = 0) = ((x = o12) —
o1z) = ((x — 0) — 0). Hence, from 17, I3, Al and I5, we obtain that
¥ = (op—12)* = ((z = 0) = (z = o1z)) — ((x = 0) = o12)) —
((x =0)—=0)=((z— (0= 01x)) = ((r - 0) = o12)) = ((x = 0) —
0) = ((z = 0) = o12) = ((x — 0) — 0). For this result I3, M6 and
I8 we obtain z* — (0,—12)* = (z — 0) — (012 — 0) = 1. Therefore,
¥ < (op—17)*.

Definition 2.4 An element x of a M13-algebra A is invariant if o;x = x.
The set of all invariant elements of a M I0-algebra A is denoted by K(A).
Definition 2.5 An element x of a MI2-algebra A is regular if z** = x.

In what follows, the set of all regular elements of A we will denote by A**.

Next, we will show the relationship between the above two definitions.
Proposition 2.6 Let A € MI2. Then, K(A) is a MI2-subalgebra of A.

Proof. Let z,y € K(A). Then, z = o, and y = oy, 1 <1,5 <n—1. Hence,
from M12 we have that © — y = 0,2 — oy = 0j(0sx — y) and from M7 we
deduce that ox(x — y) = x — y. Therefore, z — y € K(A). On the other
hand, from M7 opz = ox(o;x) = x. So, opx € K(A). Besides, from A2 and
M8, we have that 0,1 € K(A).

Proposition 2.7 Let A € MI?. Then, A** = K(A).

Proof. Let x € A**. Then, from A2 and M14, we have that z = z** =
(x = 0) = 010 < 012** = o12. The other inequality results immediately from
M6. Conversely, if z € K(A) then z = o;x. Then, from A7 we obtain that

x** = (0y2)** = o;x = x. Therefore, x € A**.
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Proposition 2.8 Let A € MIY. Then, K(A) is a Boolean lattice.

Proof. From the Proposition 2.6, we have that (K(A), —,01,...,04,,0,1) is
an MI0%-algebra. Hence, from A7 and 115 we obtain that K(A) is a Boolean
lattice.

Remark 2.9 From Busneag’s proof of 115, it was proved that for every ki,
ko € K(A), the following properties hold:

(i) k1 V ko = kT — ko,
(ii) k7 is the boolean complement of k.

Now, we will give another characterization of K(A), using the tarskian
elements of A.

Lemma 2.10 T(A) = K(A).

Proof. Let t € T'(A). Then, from M19, we have that o,_1t = (t — o1t) —
t =t So, t € K(A). Conversely, let k € K(A) and z € A. Then, we
have that (k — z) — k = (0;k — z) — o0;k and from M18 we infer that
(k= x) = k = o;k = k. Hence, k € T(A) and so, K(A) =T(A).

3 Congruences

In this section we will determine the M I,,-congruences and we will establish a
lattice isomorphism between Conyy, (A) and D,,(A). Besides, we will obtain
a characterization of M I,-congruences. Furthermore, from the above results
on the M I,-congruences, the principal ones are described.

The following two theorems were stated in [7].

Theorem 3.1 Let A € MZ,, and D € D,,(A). Then, Conyg, (A) = {R(D) :
D € D,,,(A)}, where R(D) = {(z,y) € A2: 2 -y € D, y—x € D}.

Proof. Since A is a Hilbert algebra and D is a deductive system of A, by
114 we know that R(D) is an I-congruence on A. Moreover, if (z,y) € R(D)
since D is a modal deductive system, we have that o1(z — y), o1(y — x) € D.
Hence, from M9 we have that, o;(x — y), oi(y > x) € D, 1 <i<n—1, and
by M2 we infer that o0 — oy, oy — oy € D, 1 < i < n — 1. Therefore,
(oix,05y) € D, 1 <i <n—1 from which we conclude that R(D) € Conpr, (A).
Conversely, let 8 € Conpsr,(A). Then, 6 € Conr(A). From 114, we have that
[1] is a deductive system of A and R([1]p) = 6. Besides, from hypothesis and
M8 we have that: if (z,1) € 0, then (o1x,1) € 0, that is, [1]p € D,,(A) which
completes the proof.
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Theorem 3.2 Let A € MZ,. Then, the lattices Conypsy, (A) and Dy, (A) are
isomorphic.

Proof. It is a direct consequence of 114 and Theorem 3.1 considering the
applications 0 — [1]g and D — R(D) which are inverse to one another.

Next, we will show a characterization of simples M I%-algebras.

Corollary 3.3 Let A € MIV. Then, the following conditions are equivalent:
(i) A is a simple MI?-algebra,
(i) o1(A) ={0,1}.

Proof. (i) = (ii): Suppose that A is a simple MIl-algebra and let x € A.
From (M23), we have that [o;2) is a modal deductive system of A. Hence,
[o12) = {1} or [o12) = A from which it follows that o1z =1 or o1z = 0.

(ii) = (i): Suppose that o1(A) = {0,1}. Let D € D,,,(A) and « € D. Then,
orx € D. If oz = 0, we have that D = A and if o122 = 1, from M6, we have
that = 1. Therefore, D = {1}.

Let A be an M I, —algebra and a,b € A. By 6(a,b) we denote the principal
congruence of A generated by (a,b), i.e., the smallest congruence of A that
contains (a,b). In Theorem 3.4, we provide a description of the principal
congruences of A.

Theorem 3.4 Let A € MZ,. Then, for every a,b € A it is verified that:
0(a,b) = {(x,y) € A% : 01(a — b) — (o1(b— a) = x) = o1(b — a) — (o1(a —
b - )}

Proof. Let S = {(z,y) € A% : 01(a — b) = ((01(b = a) = ) = 01(b — a) —
((o1(a — b) — y)}. Then, (a,b) € S. Indeed, from M6, I5 and I3, we have
that 1 = o1(b — a) = ((o1(a = b) — (@ = b)) = (o1(b — a) = ((o1(a —
b) = a)) = (o1(b = a) = ((o1(a — b) — b)). From this statement and 16 we
have that o1(b — a) — (01(a = b) = a) < o01(b = a) = (01(a — b) = b). In
a similar way we obtain that o1(a — b) — (01(b = a) — b) < o1(a — b) —
(61(b — a) — a). Moreover, S is an equivalence relation on A such that:

(i): S is compatible with —: Let (z,y) € S and ¢t € A. Then, we have
that o1(a — b) — (01(b — a) — z) = o1(a = b) = (01(b — a) — y).
From this last statement, we obtain that ¢t — (o1(a = b) — (01(b = a) —
z) =t — (01(a - b) = (01(b - a) = y) and from I7 we obtain that
oi(a = b) = (61(b > a) = (t > ) =01(a = b) = (01(b = a) = (t = y)).
So, (t = z,t = y) € S. Moreover, from I3, we have that o;(a — b) —
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(c1(b = a) = (x = t)) = (01(a = b) = (61(b = a) = z)) — (o1(a —
b) — (01(b — a) — t)). From this last statement, I7 and I3 we deduce that
oi(a = b) = (o1(b = a) = (x = t)) = (61(b = a) — (o1(a — b) = y)) —
(o01(b = a) = (o1(a = b) = t)) = 01(b — a) = (o1(a = b) — (y = 1)).
Therefore, we conclude that (z — t,y — t) € S.
(ii): S is compatible with o;: let (x,y) € S. Then, o1(a = b) = (o1(b = a) —
z) = o1(b = a) = ((o1(a — b) — y) from which o;(c1(a = b) — (o1(b —
a) = ) = 0i(o1(b = a) = ((o1(a = b) — y)) and we conclude the proof by
M12.

Hence, S € Conpyg, (A). Finally, if R € Conypg,(A) and (a,b) € R, then
S C R. Indeed, let (1) (x,y) € S. Since (a,b) € R we have that (2) (o1(a —
b) = z,z) € R and (01(b — a) — y,y) € R from which we obtain that
(c1(b = a) — (o1(a = b) = x),01(b = a) = z) € R and (o1(a — b) —
(01(b — a) = y),01(a — b) — y) € R. From (1) and I7, we conclude that
(o1(b—a) = x,01(b = a) = y) € R. Hence, from (2), (z,y) € R.

Corollary 3.5 MZI, has equationally definable principal congruences.
We prove that the variety MZ,, satisfies the congruence extension property.

Lemma 3.6 Let A € MZ,, B< A and 0 € Conyr,(B). Then, there exists
@ € Conyy, (A) such that 0 = p N B2.

Proof. Let B< A and 6 € Conyy(B). Then, by Theorem 3.2, there exists
D, € D,,(B) such that R(D;) = 6. Hence, by (M24), there exists D € D,,,(A)
such that D N B = D;. Moreover, since D € D,,(A) there exists R(D) €
Conpr, (A). Let ¢ = R(D) and suppose that (z,y) € ¢ N B2 Then, we have
xr—=y,y—x€DNB. So, (x,y) € R(D1). From this last statement we have
@ N B? C#. In a similar way we obtain that § C ¢ N B2,

From Lemma 3.6 and a result of A. Day ([9]) the following property holds:

Lemma 3.7 Let A € MZ,,. Then, the following conditions are equivalent:

(i) MZ, satisfies the congruence extension property,
(il) MZ,, satisfies the principal congruences extension property,

(iii) for all A, B € MZ, such that B< A and for all a, b € B it follows that
0p(a,b) = 04(a,b) N B2

Lemma 3.8 MZ, has reqular congruences.
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Proof. Let 0, ¢ € Conpp, (A) and a € A such that [a]yp = [a],. Let us consider
the quotients algebras A/ and A/p. Then, we have that: [1]p = [a]g — [a]gp =
la], — [a], = [1],. Moreover, by Theorem 3.2, we have that R([1]p) = 6 and

R([1],) = ¢. So, 0 = ¢.
Lemma 3.9 MZ, has distributive congruences.

Proof. It is a direct consequence of [1] and taking into account that this
variety has the EDPC property.

Let A € MZ?. We denote by D, (A) the lattice of all principal deductive
systems of a MI-algebra A and by Conl,,,(A) the lattice of all principal

congruences of a M I0-algebra A.

Lemma 3.10 Let A € MZC and let a, b € A. Then, [w&b) € DE(A), where
Wa,b = (01(a — b) — (O’l(b — CL))*)*

Proof. From A4, we have that ojw,p = wgyp, from which we conclude that
wep € K(A). From this last statement and from (ii) of (M23) we have that
[wap) € Dy (A).

Proposition 3.11 Let A € MZI2. Then, the lattices K(A) and DL (A) are
anti-isomorphic.

Proof. It follows from considering the application o : K(A) — D/ (A) define
by a(k) = [k) for all k € K(A).

In the following theorem we will obtain a good characterization of principal
congruences in MI)—algebras.

Theorem 3.12 Let A € MZ? and let a, b € A. Then, 0(a,b) = H(wmb, 1).

Proof. It is sufficient to show that:
(1) (wmb, 1) € 0(a,b),
(ii) (a,b) € O(wap,1).

(i): From (a,b) € 6(a,b) we infer that (o1(b — a),1) € 0(a,b). Hence, we have
that (o1(a — b) — (01(b — a))*,01(a — b) — 0) € 0(a,b). From this last
statement we have that ((o1(a — b) = (o1(b — a))*)*, (o1(a — b))**) € 0(a,b)
and by A7 we conclude that ((o1(a — b) — (01(b — a))*)*,01(a — b)) €
f(a,b). Besides, since (o1(a — b),1) € §(a,b) we have that (wqp,1) € 6(a,b).

(ii): (1) (@ = b,b = a) € O(wep,1). Indeed, by Theorem 3.4, we must
prove that o1(wep — 1) = (01(1 = wep) = (a = b)) = o1(1 = wep) —
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(01(wep — 1) = (b — a)), which is equivalent to prove that wg, — (a —
b) = wep — (b — a) and from Al2 is equivalent to 1 = w,p — (b — a),
which follows immediately from 17 and A12. Hence, from (1), I3, 12 and I1
we have that ((a — b) — ((b = a) — a),(b — a) = a) € 0(wqy,1) and
((b—a) = ((a—b) = b),(a—b) = b) € O(wap,1). From this last statement
and 14 we deduce (2) ((a — b) — b, (b — a) — a) € 0(wqy,1). On the other
hand, by (1), we have that (a — b,1) € §(wqp,1) and (b — a,1) € O(wgp, 1).
So, we obtain ((a — b) — b,b) € (wqp,1) and ((b — a) — a,b) € O(wqp, 1).
From these two above statements and (2) we conclude that (a,b) € 6(wqp, 1).

Proposition 3.13 Let A € MZ°. Then, the lattices Conj,;o(A) and DL (A)
are isomorphic. !

Proof. It follows from Theorem 3.12 and by considering the application W :
Conj o(A) — DL (A) defined by the prescription ¥(6(a,b)) = [wq,;) for all
0(a,b) € Coni  o(A).

Corollary 3.14 Let A € MIY. Then, the lattices K(A) and Con}, ,(A) are
anti-isomorphic. !

Proof. It is a direct consequence of Proposition 3.11 and 3.13.

Corollary 3.15 Let A be a finite MI3-algebra. Then, |Conj o (A)] = 2™
where m is the number of atoms of K(A).

Proof. It is a direct consequence of Proposition 3.14 and Proposition 2.8.

Next, we prove that the variety MI?L is semisimple.

Proposition 3.16 Let A € MZIY. Then, the following conditions are equiva-
lent:

(i) A is a subdirectly irreducible MI0-algebra,
(ii) K(A) has a unique dual atom,
(iii) A is a simple MI0-algebra.

Proof. (i) = (ii): Let ©g be a unique nontrivial minimal congruence. Then,
there exists (a,b) € ©g where a # b. Hence, 6(a,b) C Oy and 0(a,b) # A from
which we get that ©g = 0(a,b). So, by Theorem 3.12 and Lemma 3.13, there
exists a unique minimal principal modal deductive system Dy = [w, ;) where
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W, € K(A). Besides, taking into account that the lattices K (A) and DL (A)
are anti-isomorphic we obtain that wgy is a dual atom of K(A).

(ii) = (iii): Since A has a unique dual atom k, from Remark 2.9 we have
that £* is the unique atom of K(A). Therefore, K(A) = {0,1} and from
Theorem 3.3 we conclude that A is simple.

(iii) = (i): It is easy to check.

Corollary 3.17 MZI? is semisimple.

Proof. It is a direct consequence of Proposition 3.16.
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