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Abstract

The treatment of equality as a type in type theory gives rise to an
interesting type-theoretic structure known as ‘identity type’. The idea
is that, given terms a,b of a type A, one may form the type Ida(a,b),
whose elements are proofs that a and b are equal elements of type A. A
term of this type, p: Ida(a,b), makes up for the grounds (or proof) that
establishes that a is indeed equal to b. Based on that, a proof of equality
can be seen as a sequence of substitutions and rewrites, also known as a
‘computational path’. One interesting fact is that it is possible to rewrite
computational paths using a set of reduction rules arising from an anal-
ysis of redundancies in paths. These rules were mapped by De Oliveira
in 1994 in a term rewrite system known as LNDgg — T RS. Here we use
computational paths and this term rewrite system to develop the main
foundations of homotopy type theory, i.e., we develop the lemmas and
theorems connected to the main types of this theory, types such as prod-
ucts, coproducts, identity type, transport and many others. We also show
that it is possible to directly construct path spaces through computational
paths. To show this, we use our path-based approach to construct two
important structures of homotopy type theory: the path-space of natural
numbers and the construction and calculation of the fundamental group
of the circle.

Keywords. Computational paths, type theory, identity type, fundamen-

tal group of the circle, term rewriting systems.

1 Introduction

There seems to be little doubt that the identity type is one of the most intrigu-
ing concepts of Martin-L6f’s Type Theory. This claim is supported by recent
groundbreaking discoveries. In 2005, Vladimir Voevodsky [17] discovered the
Univalent Models, resulting in a new area of research known as homotopy type
theory [1]. This theory is based on the fact that a term of some identity type,
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for example p : Ida(a,b), has a clear homotopical interpretation. The inter-
pretation is that the witness p can be seen as a homotopical path between
the points a and b within a topological space A. This simple interpretation
has made clear the connection between type theory and homotopy theory, gen-
erating groundbreaking results, as one can see in [16, 1]. Nevertheless, it is
important to emphasize that the homotopic paths exist only in the semantic
sense. In other words, there is no formal entity in type theory that represents
these paths. They are not present in the syntax of type theory.

In this work, we are interested in an entity known as computational path,
originally proposed by [8]. A computational path is an entity that establishes
the equality between two terms of the same type. It differs from the homotopi-
cal path, since it is not only a semantic interpretation. It is a formal entity of
the equality theory. In fact, we proposed in [7, 14] that it should be considered
as the type of the identity type. Moreover, we have further developed this idea
in [15], where we proposed a groupoid model and proved that computational
paths also refute the uniqueness of identity proofs. Thus, we obtained a result
that is on par with the same one obtained by Hofmann & Streicher (1995) for
the original identity type [12].

Our main idea in this work is to develop further our previous results. Specif-
ically, we want to focus on the foundations of homotopy type theory. Our ob-
jective is to develop the main building blocks of this theory using computational
paths. To do this, we prove quite a few lemmas and theorems of homotopy
type theory involving the basic types, such as products, coproducts, transport,
etc. We thus proceed to show that computational paths can be directly used
to simulate path spaces. We argue that this is one of the main advantages
of our approach, since it avoids the use of complicated techniques such as the
code-encode-decode one. To illustrate that, we work with the natural numbers
and with the fundamental group of the circle, showing how one can construct
these structures through computational paths. These results also establish the
foundations needed to calculate fundamental groups of many other structures.
Indeed, we do these calculations in a recent and still unpublished work entitled
“On the Calculation of Fundamental Groups in homotopy type theory by Means
of Computational Paths”. A preprint version of that work can be found in [9].

This work is structured as thus: in sections 2, 3 and 4, we review the
concept of computational paths and its connection to the identity type in type
theory. In section 5, we use computational paths to establish the foundations
of homotopy type theory. Since sections 2, 3 and 4 are only brief introductions
to the theory of computational paths, we refer to papers [7] and [15] for a
thorough introduction to this subject.
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Computational Paths

Since computational path is a generic term, it is important to emphasize the
fact that we are using the term computational path in the sense defined by
[5]. A computational path is based on the idea that it is possible to formally
define when two computational objects a,b : A are equal. These two objects
are equal if one can reach b from a applying a sequence of axioms or rules. This
sequence of operations forms a path. Since it is between two computational
objects, it is said that this path is a computational one. Also, an application of
an axiom or a rule transforms (or rewrite) an term in another. For that reason,
a computational path is also known as a sequence of rewrites. Nevertheless,
before we define formally a computational path, we can take a look at one
famous equality theory, the Afn — equality [11]:

Definition 1.1 The A\@n-equality is composed by the following axioms:

() Ae.M = y.Mly/z] ify¢ FV(M);
(8) (Axz.M)N = M[N/z|;

(p) M =M;

(n) AeMz)=M (z¢ FV(M)).

And the following rules of inference:

(1) M =M (T)M:N N=P
NM = NM' M =P
M =M M=N
M =M
(©) o.M = z. M’

Definition 1.2 (' [11]) P is -equal or B-convertible to Q (notation P =5 Q)
iff Q is obtained from P by a finite (perhaps empty) series of 3-contractions and
reversed (3-contractions and changes of bound variables. That is, P =g Q iff
there exist Py,..., P, (n > 0) such that Py = P, P, = Q, (Vi <n—1)(P; >
Py or Pipivig Py or Py =4 Piyq).

(NB: equality with an existential force, which will show in the proof rules for
the identity type.)
The same happens with A\@rn-equality:
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Definition 1.3 (ABn-equality [11]) The equality-relation determined by the
theory ABn is called =g, ; that is, we define

M=, N & A3k M=N.

Example 1.4 Take the term M = (Az.(Ay.yx)(Aw.zw))v. Then, it is fn-
equal to N = zv because of the sequence:

Az.(A\y.yz) Aw.zw))v,  (Az.(Ay.yx)z)v, (Ay.yv)z, zv

which starts from M and ends with N, and each member of the sequence is
obtained via 1-step - or n-contraction of a previous term in the sequence. To
take this sequence into a path, one has to apply transitivity twice, as we do in
the example below.

Example 1.5 The term M = (Az.(Ay.yz)(Aw.zw))v is fn-equal to N = zv
because of the sequence:

Ax.Ay.yz) Aw.zw))v,  (Az.(Ay.yx)z)v, (Ay.yv)z, zv

Now, taking this sequence into a path leads us to the following:

The first is equal to the second based on the grounds:

n((Az.(A\y.yz) Aw.zw))v, (Az.(Ay.yz)z)v)

The second is equal to the third based on the grounds:

B((Az.(Ay.yz)z)v, (Ay.yv)z)

Now, the first is equal to the third based on the grounds:

T(n((Az.(Ay.yz) Aw.zw))v, (Az.(Ay.yz)2)v), B((Az.(Ay.y2)2)v, (AY.yv)2))
Now, the third is equal to the fourth one based on the grounds:

B((Ay.yv)z, zv)

Thus, the first one is equal to the fourth one based on the grounds:
T(r(n((Az.(Ay.yz) (Aw.zw))v, (Az.(Ay.yz)2)v), B((Az.(Ay.yz)2)v, (Ay.yv)2)),
B((Ay.yv)z, 2v)))

The aforementioned theory establishes the equality between two A-terms.
Since we are working with computational objects as terms of a type, we need
to translate the ABn-equality to a suitable equality theory based on Martin
Lof’s type theory. We obtain:

Definition 1.6 The equality theory of Martin Lof’s type theory has the fol-
lowing basic proof rules for the Il-type:

[z : A [z : A

N:A M: B M=M:B
(8) (Ax.M)N = M[N/x] : B[N/z] © Ae.M = Ae. M’ : ;.4 B

(p) M: A M=M:A N:H(I:A)B
M=M:A (1) NM = NM': B[M]x]
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(O’) M=N:A N:A M:M,:H(I:A)B
N=M:A v MN = M'N : B[N/x]
(r) M=N:A N=P:A
M=P:A
M:H(EA)B
(n) — (z ¢ FV(M))

We are finally able to formally define computational paths:

Definition 1.7 Let a and b be elements of a type A. Then, a computational
path s from a to b is a composition of rewrites (each rewrite is an application
of the inference rules of the equality theory of type theory or is a change of
bound variables). We denote that by a =5 b.

As we have seen in example 1.5, composition of rewrites are applications of
the rule 7. Since change of bound variables is possible, each term is considered
up to a-equivalence.

2 Identity Type

In this section, we have two main objectives. The first one is to propose a
formalization to the identity type using computational paths. The second ob-
jective is to show how can one use our approach to construct types representing
reflexivity, transitivity and symmetry. In the case of the transitive type, we
also compare our approach with the traditional one, i.e., Martin-Lof’s Inten-
sional type. With this comparison, we hope to show the clear advantage of our
approach, in terms of simplicity. Since our approach is based on computational
paths, we will sometimes refer to our formulation as the path-based approach
and the traditional formulation as the pathless approach. By this we mean
that, even though the homotopy type theory approach to the identity type
brings about the notion of paths in the semantics, there is little in the way of
handling paths as terms in the language of type theory.

Before the deductions that build the path-based identity type, we would
like to make clear that we will use the following construction of the traditional
approach [10]:

A type a:A b: A a:A

Id—1
Idy(a,b) type r(a) : Ida(a,a)
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[z : A [:Ajy: A z: Ida(z,y)]

a:A b:A c:Ida(a,b) q(z):C(z,z,r(x)) C(z,y,z) type Id_E

2.1 Path-based construction

The best way to define any formal entity of type theory is by a set of natural
deductions rules. Thus, we define our path-based approach as the following set
of rules:

e Formation and Introduction rules:

A type a:A b: A a=sb:A

Idy(a,b) type fd=r s(a,b) : Ids(a,b) fd=1
e Elimination rule:
[a =4 b:A]
2 Id b h(g) :
mildaad)  hg)iC
REWR(m, g.h(g)) : C
e Reduction rules:
a=mb:A Id—1T la =4 ]
m(a,b) : Ida(a,b) h(g):C II—E o
REWR(m, §.h(g)) : C g
[@=mb: A
h(m/g) : C
= b:A
o=b A

e:Ida(a,b) t(a,b) : Ida(a,b)

_ Id—E 1>, e:Ida(a,b)
REW R(e,t.t(a,b)) : Ids(a,b)
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In these rules, ¢ (and ©) to indicate that they are abstractions over the
variable g (or t), for which the main rules of conversion of A-abstraction hold.
For that reason, we proposed two reduction rules that handle these conversions,
the S and 7 reduction rules.

Our introduction and elimination rules reassures the concept of equality as
an existential force. In the introduction rule, we encapsulate the idea that
an witness of a identity type Id(a,b) only exists if there exist a computational
path establishing the equality of a and b. Also, the elimination rule is similar
to the elimination rule of the existential quantifier. If we have an witness for
Id4(a,b), and if from a computational path between a and b we can construct
a term of type C, then we can eliminate the identity type, obtaining a term of
type C.

3 A Term Rewriting System for Paths

As we have just shown, a computational path establishes when two terms of the
same type are equal. From the theory of computational paths, an interesting
case arises. Suppose we have a path s that establishes that a =5 b: A and a
path t that establishes that a =; b : A. Consider that s and ¢ are formed by
distinct compositions of rewrites. Is it possible to conclude that there are cases
that s and ¢ should be considered equivalent? The answer is yes. Consider the
following example:

Example 3.1 Consider the path a =; b : A. By the symmetric property, we
obtain b =,;) a : A. What if we apply the property again on the path o(t)?
We would obtain a path a =5 ()) b : A. Since we applied symmetry twice
in succession, we obtained a path that is equivalent to the initial path ¢. For
that reason, we conclude the act of applying symmetry twice in succession is
a redundancy. We say that the path o(o(t)) can be reduced to the path t¢.

As one could see in the aforementioned example, different paths should be
considered equal if one is just a redundant form of the other. The example that
we have just seen is just a straightforward and simple case. Since the equality
theory has a total of 7 axioms, the possibility of combinations that could gen-
erate redundancies is high. Fortunately, most redundancies were thoroughly
mapped by [2]. In this work, a system that establishes redundancies and creates
rules that solve them was proposed. This system, known as LNDgg — TRS,
mapped a total of 39 rules that solve redundancies. These 39 rules can be
checked in Appendix B. For each rule, there is a proof tree that constructs
it. All proof trees can be checked in [7]. In the case of example 3, we have the
following [7]:
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r=py:A
Y=o T: A

Do T =py:A
T =o(o) Y : 4 '

It is important to notice that we assign a label to every rule. In the previous
case, we assigned the label ss.

Definition 3.2 An rw-rule is any of the rules defined in LNDgg — TRS.

Definition 3.3 Let s and t be computational paths. We say that st>1,t (read
as: s rw-contracts to t) iff we can obtain t from s by an application of only
one rw-rule. If s can be reduced to t by finite number of rw-contractions, then
we say that s >yt (Tead as s rw-reduces to t).

Definition 3.4 Let s and ¢t be computational paths. We say that s =, t
(read as: s is rw-equal to t) iff ¢t can be obtained from s by a finite (perhaps
empty) series of rw-contractions and reversed rw-contractions. In other words,
s =pqp t iff there exists a sequence Ry, ...., R, with n > 0, such that
(Vi <n—1)(Ri >1rw Rig1 or Rip1 Dirw Ri)
Ry=s, R,=t

Proposition 3.5 is transitive, symmetric and reflexive.

Proof. Comes directly from the fact that rw-equality is the transitive, re-
flexive and symmetric closure of rw. [ |

We'd like to mention that LNDpgg — T RS is terminating and confluent.
The proof of this affirmation can be found in [2, 4, 3, 6].

Thus, we conclude our review of computational paths as terms of the iden-
tity type and the associated rewrite system. If necessary, please check [7] and
[15] for a thorough development of this theory.

4 Homotopy Type Theory

In the previous sections, we have said that one of the most interesting concepts
of type theory is the identity type. We have also said that the reason for that
is the fact one can see the identity type as a homotopical path between two
points of a space, giving rise to a homotopical interpretation of type theory.
The connection between those two theories created a whole new area of research
known as homotopy type theory. In this work, we introduced computational
paths as the syntactic counterpart of those homotopical paths, since they only
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exist in a semantical sense. Nevertheless, we have not talked yet how one can
use computational paths in homotopy type theory. Thus, in this section, we
develop the main objective of this work.

We want to show that some of the foundational definitions, propositions
and theorems of homotopy type theory still hold in our path-based approach.
In other words, we use our approach to construct the building blocks of more
complex results.

One important fact to notice is that every proof that does not involve the
identity type is valid in the path-based approach. This is obvious, since the
only difference between the traditional approach and ours is the formulation of
the identity type. If a proof uses it, we need to reformulate this proof using our
path-based approach, instead of using the induction principle of the traditional
one. Thus, every part of a proof that is not directly or indirectly related to
identity type is still valid in our approach.

In a path-based proof, we are going to use the formulation proposed in the
previous sections. We also are going to use the reduction rules of LN Dpgq —
TRS. In the process of developing the theory of this section, we noticed that
LNDpgg — TRS, as proposed in the previous section is still incomplete. We
state this based on the fact that we found new reduction rules that are not
part of the original LNDgg — TRS. That way, we added these new rules to
the system, expanding it.

4.1 Groupoid Laws

In our previous work [15], we have seen that computational paths form a
groupoid structure. Let’s check again those rules using our REW R constructor
directly:

Lemma 4.1 The type l,.4)Ida(a,a) is inhabited.

Proof. We construct an witness for the desired type:

[a: A]
a=pa:A Id1
,a) : Id(a, — !
o) Tdaoa) 10

)\a'p(av a) : H(a:A)IdA(aa a)

Lemma 4.2 The type 4. 4\l 4)(Ida(a,b) — Ida(b,a)) is inhabited.
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Proof. Similar to the previous lemma, we construct an witness:

[a=b: A
[a:A] [b:A] b=gpa:A o1
[pa,b) : Tda(a,0)]  (o(t))(b,a) : Ida(b,a)
REWR(p(a,b),t.(o(t))(b,a)) : Id(b, a) .
A\p.REW R(p(a,b),t.(o(t))(b,a)) : Id4(a,b) — Id(b,a) 0
Ao Ap.REW R(p(a,b),t.(o(t))(b,a)) : .4y (Ida(a,b) = Ida(b,a)) .
AaAb.Ap. REW R(p(a,b),t.(0(t))(b,a)) : (g4 a)(Ida(a,b) — Ida(b,a))
|

Lemma 4.3 The type Wy ). 4)(c.a)(Ida(a,b) — Ida(b,c) — Ida(a,c))
1s inhabited.

Proof. We construct the witness in Figure 4.1.
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I—1I
I—1I
I—1I

I1—1I

((02)VpI < (29 VpI + (9‘0)vp) VATV IV P12 (((0D)((n9)2)n (2°Q)8)d MAY (‘D) M)Y MHY SY MY 9 QY DY
(@ 2)vpr < (0‘Q)vpr < (q0)vVpr) VIV : (0 v)((n D)) (2 Q) MAY? (9 D)) MY SX Y IXGX
((@2)Vpr = (0QVpI + (9‘2)Vp) VL= (((0“D)((n9)2)n‘(2°Q)8)d MAY} (q ‘D)) MHY SY MY 92X

(@ D)Vp + (2QVpI < (@ 0)vpI : (O D)((n2)L)n (2 Q) MY} (q D)) MY S MY
@ D)vpr < (Qvpr: (D) ((n‘D)L)n (2 ‘Qs)g May? (q D)R)Y MY X
@D)vpr : (0 2)((n9)21)n (‘@) Mad} (9 D)) MY
E)vpr: (D) (n)L)n ( Q)gmad [(q‘D)¥pr : (q‘D)m]

(@D)vpr: (2 D)((n9)4) [(@‘Q)Vpr : (2q)s] [v:a [v:7]
vio (Di=0p [ : 9]
:or=q  [y:q'=0]

I—1I
H—PI
H—PI
I—PI

Figure 1: Lemma’s 4.3 inhabitant
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Lemmas 1, 2 and 3 correspond respectively to the reflexivity, symmetry
and transitivity of the identity type. From now on, the reflexivity will be
represented by p, symmetry by ¢ and transitivity by 7.

Lemma 4.4 For any type A, x,y,z,w: A and p : Ida(z,y) and q : Ida(y, 2)
and r : Ida(z,w), the following types are inhabited:

1. H(l‘,y:A)H(p:IdA(xvy))IdIdA(hy) (p, py o p) and
H(’I‘ y:A)H(p:IdA(m y)) IdA(r y)(pvpopz)

2. H(w A (p:1da (@) [d1da(ey) (@(P) 0P, pa) and
(ZE,’L] A)H(p Ida(z, y))IdIdA(w,y (p ( ) )
(

a(a(p)),p)

4- H(az,y,z,w:A)H(p:IdA(az,y))H(q:IdA(y,z))H(r:IdA (z,w))IdIdA(ac,w) (T o (q © p)7 (T o q) © p)

3 gy ) I (pirda (@,y) L Ardaw,y)

Proof. The proof of each statement follows from the same idea. We just need

to look for suitable reduction rules already present in the original LNDgg —
TRS.

1. The first thing to notice is that a composition in our path-based approach
corresponds to a transitive operation, i.e., (p o p,) can be written as
T(pz, p) Follows from rules number 5 and 6. These are as follows:

r=ry:A y=,y:A
T =rrp) Y A

> trr x:ry:A

r=,2:A r=py:A
y: A

— Dur x=ry:A
T =r(pr)

Thus, we have:

T(pvpy) =trr P - IdA(l',y)

(trr)(1(p, py)p) : 1d1a s (2,y) (P Py © D)
ALY A (trr) (T(p; py), P) = Wig et M (pi1d s (2,9)) LA 1d a (2,9) (2> Py © D)
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T(pﬂhp) =tlr P - IdA(fL', y)
(tr)(T(pzs1)s P)  1dra, () (PP © pz)
)\x)\y)\p(tlr) (T(Pz,p),p) : H(cc,y:A)H(p:IdA(:L‘,y))IdIdA(x,y) (pvp © p:r)

2. We use rules 3 and 4:

r=py:A Y=g T:A

Dy x=px: A

D tsr y:py:A

Thus:

T(p,a(p)) =tr Pz : IdA(ZL’,ZJ)
(t?")(T(p70'(p))7pI) : IdIdA(x,y)(U(p) op, p:r)
)\IU~>\y~/\P~(t7”)(T(P,U(P),Px) : H(:c,y:A)H(p:IdA(ac,y))IdldA(x,y)(g(p) °p, pm)

(U(Z’) ) =tsr Py * IdA( )
(tsr)(T(a(p);P): Py) * Ld1ds(x,y) (PO (D), Py)
Az. )‘y /\p (tsr)( (p)’ Py) (z,y:A H(p:IdA(:r,y IdIdA(z,y) (p o 0(p)a py)

3. We use rule 2

Thus:
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Q

(0(p)) =ss p : Ida(z,y)
(SS)(U(U(p)7p)) : IdIdA(x,y)(U(U(p))7p)
)\ac.)\y.)\p.(ss)(a(a(p),p)) : H(x,y:A)H(p:IdA(x,y))IdIdA(x,y)(0<a(p))7p)

4. We use rule 37:

Thus:

7(7(p,q),7) = 7(p, 7(q,7)) : Ida(w,w)
() (T (r(p,q),v) =t T(p, 7(q;7))) : Id1a,(zw) (T o (qop), (rog)op)
M : H(p:IdA(x,y))H(q:IdA(y,z))H(r:IdA(z,w))IdIdA(a:,w) (T o (q o p)v (7' o Q) © p)

where M = Az Ay. Az w.Ap.Ag.Ar.(ss)(o(a(p), p))

With the previous lemma, we showed that our path-based approach yields
the groupoid structure of a type up to propositional equality.

4.2 Functoriality
We want to show that functions preserve equality[16].

Lemma 4.5 The type H(x,y:A)H(f:AHB)(IdA(xvy) - ]dB(f(x)af(y))) is in-
habited.

Proof. It is a straightforward construction:
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[x =5y : A [f: A— B]
(@) =5, fly): B

pp(s)(f(2), [(y) : 1dp(f(2), f(y))  [p: Ida(z,y)]
REWR(p, As-py(s)(f(x), () : 1dp(f(x), f(y))
M = gy ). 5)(Tda(x, y) — Td(f(2), f(y)))
where M = A Ay AfAp.REW R(p, As.pur(s)(f(2), f(y))) [

Lemma 4.6 For any functions f: A— Bandg: B — C andpathsp:x =4y
and q : Yy =4 z, we have:

1. py(r(p,q)) = (g (p), 1y ()
2. pg(o(p)) = o(us(p))
3. pg(pg(p)) = tgor(p)
4- p1da(p) = p
Proof.

1. For the first time, we need to add a new rule to the original 39 rules of
LNDpgg —TRS. We introduce rule 40:

— B y=q¢2:A4A [f: A— B]
: B f(y> ) f(z)B

f(.fC) “ur(T(p,q)) f(Z) : B

Thus, we have s (7(p, @) =5y (ks (D), s (q))

2. This one follows from rule 30:
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r=py: A [f: A— B]
fz) = p)f()
W) =o(us) f@) - B

r=py:A
y:(,(p)x:A [fA—)B]
fW) =us00) f(@): B

l>sm

We have pf(0(p)) =g(sm) o(1r(p))
3. We introduce rule 41:

T=py:A [f:A— B
f(@) =u;) fly): B [g: B— C]
g(f(ff)) =y () 9(F () : C

[(x):B l9:B—C]
(/@) : C
r=py: A Neg(f(@) =(gof) A= C
:C

Then, f1g(p1f(p)) =cf tgof (D)
4. We introduce rule 42:

r=py:A [Idy : A — A
Ida(z) = pra,pylda(y) : A
y: A

Do T=py:A
T =pra, (p)

It follows that fi74,(p) =ci P



Expricit COMPUTATIONAL PATHS 457

4.3 Transport

As stated in [5], substitution can take place when no quantifier is involved. In
this sense, there is a ’quantifier-less’ notion of substitution. In type theory, this
‘quantifier-less’ substitution is given by a operation known as transport [16]. In
our path-based approach, we formulate a new inference rule of ’quantifier-less’
substitution [5]:

r=py:A f(z): P(x)
p(z,y) o f(z): P(y)

We use this transport operation to solve one essential issue of our path-
based approach. We know that given a path z =, y : A and function f :
A — B, the application of axiom y yields the path f(z) =, f(y) : B. The
problem arises when we try to apply the same axiom for a dependent function
[+ HgayP(x). In that case, we want f(x) = f(y), but we cannot guarantee
that the type of f(z) : P(x) is the same as f(y) : P(y). The solution is to
apply the transport operation and thus, we can guarantee that the types are
the same:

r=py:A [ Mga)P(x)
p(l'ay) © f(l‘) ~py(p) f(y) : P(y)

Lemma 4.7 (Leibniz’s Law) The type 11, y.4)(Ida(x,y) — P(x) — P(y)) is
inhabited.

Proof. We construct the following tree:

[z=py:A]  [f(z): P(x)]
p(x,y) o f(x): P(y)
M (z).p(x,y)o f(x): P(x) = P(y)  [2: Ida(=,y)]
REWR(z, \p. A\ f(x).p(x,y) o f(x)) : P(x) — P(y)
M My . a)(Ida(z,y) — P(z) — P(y))
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where M = Az Ay \z.REW R(z, \p. A f(z).p(z,y) o f(x)) |

The function Af(x).p(x,y) o f(x) : P(x) — P(y) is usually written as
transport?(p, —) and transport?(p, f(z)) : P(y) is usually written as p.(f(x)).

Lemma 4.8 For any P(x) = B, v =, y : A and b : B, there is a path
transport” (p,b) = b.

Proof. The first to notice is the fact that in our formulation of transport,
we always need a functional expression f(x), and in this case we have only a
constant term b. To address this problem, we consider a function f = A.b and
then, we transport over f(x) = b:

transport? (p, f(x) = b) =up) (fy) = D).

Thus, transport? (p,b) ) b. We may call this path transportconstf ().

~u(p

Lemma 4.9 Forany f: A— B and v =, y : A, we have

1(p)(p«(f (%)), f(y)) = T(transportconstD, 1y (p)) (p«(f (x)), f(y))

Proof. The first thing to notice is that in this case, tmnsportconst;;3 is the
path p(p)(p* (f(x), f(x)) by Lemma 8. As we did to the rules of LNDpgg —
TRS, we establishes this equality by getting to the same conclusion from the
same premises by two different trees:

In the first tree, we consider f(xz) =0b: B and transport over b : B:

r=py: A f(x)=0b:B
p(z,y)o (f(x)=0b): B r=py:A f:A—B
ps(f(@) =4, p) 0= f(2) f(@) =50 [y): B
P(f(2) =r(u; )iy ) [(Y) + B

In the second one, we consider f(x) as an usual functional expression and
thus, we transport the usual way:
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Lemma 4.10 Foranyx =,y: A and q:y=a2: A, f(z): P(x), we have

G (px(f(2))) = (o @)« (f(2))

Proof. We develop both sides of the equation and wind up with the same
result:

G (xS (7)) =0y &(f(Y)) =p(q) F(2)
(p © Q)*(f(x)) —p(poq) f(Z)

Lemma 4.11 Forany f: A— B, x =,y : A and u: P(f(x)), we have:
transport”°f (p,u) = transportp(,uf(p), w)

Proof. This lemma hinges on the fact that there is two possible interpreta-
tions of u that stems from the fact that (go f)(x) = g(f(x)). Thus, we can see
u as functional expression g on f(z) or an expression go f on x (cf. Figure 2).

|



Figure 2: Statement Lemma 4.11
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Lemma 4.12 For any f : U4 P(7) = Q(z), * =, y : A and u(z) : P(z),
we have:

transport® (p, f(u(z))) = f(transport? (p,u(x)))

Proof. We proceed the usual way, constructing a derivation tree that estab-
lishes the equality:

r=py:A flu(z)): Q)
p(z,y) o fu(z)) : Qy) D
p(x,y) o fu(®)) =um f(uy): Qy) F®) =o(us e f(@,y) ou(z)) : Qy)
(@, y) o f(u(®)) =r(uw) oy () fP(,y) o ulz))

transport® (p, f (u(x))) =r(up).otus (uie) f(transport” (p,u(z)))

where D is

r=py:A u(x):Px)

p(z,y) ou(z) : P(y)

p(,y) ou(@) =up) uly) : Py) [ :gaP(z) = Qz)
fo(@,y) o u(®)) =4, () fluy)) : Qy)
F(®¥) =o(usuipy) f(0(2,y) 0 u(x)) : Qy)

4.4 Homotopies
In homotopy type theory, a homotopy is defined as follows [16]:

Definition 4.13 For any f,g : Il;.4)P(z), a homotopy from f to g is a de-
pendent function of type:

In our path-based approach, we have a homotopy f,g : Il(,.4)P(x) if for
every x : A we have a computational path between f(x) = g(z). Thus, if we
have a homotopy Hy, : f ~ g, we derive the following rule:
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Hyg:f~yg fr9 : Mgy P(z) x: A
F(@) =hy 4(@) 9(2) : Pla)

And:

[fvg : H(xA)P(.T),.T : A]
K H(xA)P(x) z:A f(l‘) =p g(l’)
Hy, :f~g

Lemma 4.14 For any f,g,h: A — B, the following types are inhabited:
L f~Ff
2. (f~g) = (g~f)
3. (f~g)—=(g~h) = (f~h)

Proof.

1. We construct the following term:

2. We construct:

[Hpg:f~gl [fig:A— B] [z:A4]
f(#) =n, @) 9(z): B

frg:A—=B x:A 9(T) =o(H; ,(x)) f(z): B
o(H T
Hg,(f f,g( )) L~ f

o(H x
Ny HU19) - (f ) =5 (g~ f)
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3. We construct:

D

f,h :A— B r: A f(l‘) =7(Hy 4(x),Hy, - () h(x) : B

T(H x),Hy . (x
Hf,(h, £.0(@),Hg = (2)) :ho

T(H z),Hy . (x
NHj g \Hy gy H (00O @D (50 ) (g~ h) = (f ~ h)

where D is
Hyg:f~g] [fig:A—B] [x:4] [(Hgn:g~h] [g.h:A— B] [x:A4]
f(x) =u, ) 9(z): B 9(*) =m, () h(z) : B

f(@) =r(H;,,(2),H, - () P(2) : B

Lemma 4.15 For any Hy, : f ~ g and functions f,g : A — B and a path
x =py: A we have:

T(Hyg(x), tg(p)) = 7(p1p(p), Hyg(y))

Proof.
To establish this equality, we need to add a new rule to our LNDgg—TRS.
We introduce rule 43:

Hiyg:f~g x: A f,g:A—> B r=py: A
(@) =n, @) 9(z): B 9(x) =, 9(y) : B
f(:E) “T(Hy,g(x),1g(p)) g(y) : B

D> hp
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And thus:
T(Hyg(2), pg(p)) =np (ks (p), Hy,g(v))
[ |

After this section, we start to study specific lemmas and theorems involv-
ing basic types of type theory. Nevertheless, several of those theorems are
statements about the notion of equivalence (notation: ~). Before we define
equivalence, we need the following definition [16]:

Definition 4.16 A quasi-inverse of a function f : A — B is a triple (g, a, 3)
such that g is a function g : B — A and « and [ are homotopies such that
a:fogr~Idp and B:go f~ Idy

A quasi-inverse of f is usually written as ginv(f).

Definition 4.17 A function f : A — B is an equivalence if there is a quasi-
inverse qinv(f) : B — A.

4.5 Cartesian Product

We start proving some important lemmas and theorems for the Cartesian prod-
uct type. As we did in previous subsections, we proceed using our path-based
approach. Before we prove our first theorem, it is important to remember
that given a term x : A X B, we can extract two projections, FST(z) : A
and SND(z) : B. Thus, given a path x =, y : A x B, we extract paths
FST(z) =SND(y): Aand SND(z) = SND(y) : B.

Theorem 4.18 The function (v =, y : A x B) — (FST(z) = FST(y) :
A) x (SND(x) = SND(y) : B) is an equivalence for any x and y.

Proof. To show the equivalence, we need to show the following

1. From z =, y : A X B we want to obtain (FST(z) = FST(y) : A) x
(SND(z) = SND(y) : B) and from that, we want to go back to x =, v :
A x B.

2. We want to do the inverse process. From (FST(x) = FST(y) : A) x
(SND(x) = SND(y) : B) we want to obtain z =, y : A x B and then go
back to (FST(z) = FST(y) : A) x (SND(xz) = SND(y) : B).

To show the first part, we need rule 21:
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r=py:AxB r=py:AxDB
FST(I‘) =u1(p) FST(y) : A SND(%‘) =u2(p) SND(y) : B
<FST(.%'), SND(H}» =e(p1(p),p2(p)) <FST(y),SND(y)> :Ax B

Dme T =py:AXDB.

Thus, applying rule max we showed the first part of our proof. For the
second part, we need rules 14 and 15:

r=p2 : A y=s¢2:B
<.’L’,y> —en(r,s) <l‘/,Z> tAx B
FST(<x7y>) —pi(en(r,s)) FST(<$’,Z>) t A

D>z T =p T 1 A.
And:

r=ry:A z=sw:B
(z,2) en(r,s) (y,w): Ax B
FST((x,2)) =ps(en(rs)) FST((y,w)) : B

12 (en

>mzor 2 =s W B.

We also use the n-reduction for the Cartesian product:
(FST(x),SND(x)) : AxB>yx:AxB

We construct the following derivation tree:

(FST(x) =s FST(y),SND(x) =¢ SND(y)) (FST(z) =s FST(y), SND(z) =t SND(y))
FST(z) = FST(y): A SND(z) =t SND(y) : B
(FST(z), SND(z)) =, (s,1) (F'ST(y), SND(y)) : Ax B
T =(st) Y: AXB

n

From z =, y : A X B, we have:
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:(st)y‘AXB azze(&t)y:AxB
FST( ) w1(en(s,t) FST( ) A SND((L‘) :,uz(eA(s,t) SND(y) : B A 7
<FST( ) p1(en(s,t) FST(y),SND(a;) :MQ(GA(S,t) SND(y)> > . )
(FST(x) =, FST(3), SND(@) = SND(y)) .
Thus, we showed part 2 and concluded the proof of this theorem. |

Theorem 4.19 For any z,y : A x B, FST(z) =, FST(y) : A, SND(z) =

q
SND(y) : B, functions g: A — A, h: B— B and f : AxB — A" x B’

defined by f(x) = (g(FST(z)), h(SND(zx)), we have:

tg(en(p, @) = enlpg(p), n(q))

Proof. We introduce rule 44:

FST(x) =, FST(y) : SND(z) =4 SND(y) : B
(FST(x),SND(x)) =, (p,q) (F'ST(y), SND(y)): Ax B _
X 6/\(pq)y:AXB o

f(z) g (en(p:q)) fly) : A x DB

l>m:):c
FST(z) =, FST(y) : A SND(z) =, SND(y) : B
J(FST() =iy 9FST@) A HEND(@) =g <SND< ): B
(9(FST(2), h(SND(x))) = (g im0 @(FST (), HSNDW)) A X T

f(@) = “en(ug(p uh(q)f()'A/XB/
And thus:

Mf(ﬁ/\ (p, Q)) =maxc €A (Mg (p)7 :U’h(q))
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4.6 Unit Type

For the unit type 1, our objective is to show the following theorem:

Theorem 4.20 For any z,y : 1, there is a path t such that x =; y. Moreover,
t=p.

Proof. To show that there is such ¢, we need to use the induction for the
unit type [16]:

D>yl
Therefore, given x,y : 1, we have:

T =g *:1 x=py:1

T =r(om)m) Y11

Moreover, by rule 4, we have:

7(0(n),n) =tsr p-

Thus, t = 7(0(n),n) and t =4 p. |

4.7 Univalence Axiom

The first thing to notice is that in our approach the following lemma holds:
Lemma 4.21 For any types A and B, the following function exists:
idtoequ : (A= B) — (A~ B)

Proof. The idea of the proof is similar to the one shown in [16]. We define
idtoequ to be p, : A — B. Thus, to end this proof, we just need to show that
Ps is an equivalence.

For any path p, we can form a path o(p) and thus, we have (o(p))« : B — A.
Now, we show that (o(p)))« is a quasi-inverse of p.

We need to check that:

L p.((a(p)«(b)) = b
2. (0(p))+(p«(a)) = a

Both equations can be shown by an application of Lemma 4.10:
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L p«((o(p)«(b)) = (a(p) 0 p)«(b) = 7(p,5(p))«(b) =tr px(b) =4(p) b-
2. (a(p))+(p+(a)) = (poa(p))«(a) = 7(o(p),p)«(a) =tsr px(a) =pp) @
[ |
We have shown that a function exists, but we did not show that it is an
equivalence. In fact, basic type theory cannot conclude that idtoequ is an
equivalence[16]. If we want this equivalence to be a property of our system,

we must add a new axiom. This axiom is known as Voevodsky’s univalence
axiom[16]:

Axiom 4.22 For any types A, B, idtoequ is an equivalence, i.e., we have:

(A=B)~ (A~ DB)

4.8 Identity Type

In this section, we investigate specific lemmas and theorems related to the
identity type. We start with the following theorem:

Theorem 4.23 if f: A — B is an equivalence, then for x,y : A we have:

Proof. We will omit the specific details of this proof, since it is equal to the
one of Theorem 2.11.1 presented in [16]. This is the case because this proof
is independent of the usage of the induction principle of the identity type. The
only difference is that at some steps we need to cancel inverse paths. In our
approach, this is done by straightforward applications of rules 3,4,5 and 6.
|

Lemma 4.24 For any a : A, with x1 =) x2

1. transport™> "= (p,q(x1)) = 7(q(z1),p), forq(z1) :a = a2

2. transport*~@=9(p q(z1)) = (o (p), q(z1), forq(z1) i1 =a
3. transport®™@=)(p, q(x1))

T(o(p), 7(q(z1),p))  for q(z1) : z1 =1
Proof.

1. We start establishing the following reduction:
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a = X1 I =p i)

q(x1)
@ =7(q(z1,p)) *2

@ =q(az) 2

Thus, we just need to show that transport®(@=%)(p, q(z1)) also reduces
10 @ =q(a(2)) T2

1 =p T2 q(z1) :a=m
p(x1,x2) 0 q(r1) : a = o

=up) (@ =g(5) T2)

2. We use the same idea:

L2 =o(p) 11 L1 =q(z1) @
L2 =71(o(p),q(z1)) 4

> T2 =g(zy) @

1 =p T2 q(x1) 11 =1a
p(x1,x2) 0q(z1) 22 =0

=up) (T2 =g(z5) @)

3. Same as the previous cases:

T2 =o(p) ¥1 1 =q(z1) *1
T2 =r1(0(p)q(z1)) L1 1 =p T2
T2 =r(7(0(p),q(x1)),p) L2

> X9 =q(z2) T2

T1 =p X2 Q(l”l) X1 =71
p(x1,22) 0 q(x1) : T2 = 2

=up) (T2 =g(a) T2)
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4.9 Coproduct

One essential thing to remember is that a product A + B has a left injection
inl: A— A+ B and inr : B — A+ B. As described in [16], it is expected
that A+ B contains copies of A and B disjointly. In our path based approach,
we achieve this by constructing every path inl(a) = inl(b) and inr(a) = inr(b)
by applications of axiom p on paths @ = b. Thus we show that we get the
following equivalences:

1 (inl(ar) = inl(az)) = (a1 = az)
2. (inr(by) = inr(by)) ~ (by = ba)
3. (inl(a) = inr(b)) ~0
To prove this, we use the same idea as in [16]. We characterize the type:
(z = (inl(ao) = x)) : Uz.a4 gy (inl(ag = x))
To do this, we define a type code:
x: A+ Bt code(x) type

Our main objective is to prove the equivalence I1(,. 4 ((inl(ag) = z) =~
code(x)). Using the recursion principle of the coproduct, we can define code
by two equations:

code(inl(a)) = (ap = a)
code(inr(b)) =0

Theorem 4.25 For any x : A+ B, we have inl(ag = x) =~ code(x)

Proof. To show this equivalence, we use the same method as the one shown
in [16]. The main idea is to define functions

encode : Uy a4 By (piini(ag)=a) cOde()
decode : 11 (4. o4 B) L (c:code(x)) (1Nl (a0) = 7))

such that decode acts as a quasi-inverse of encode.
We start defining encode:

tcode (

encode(x, s) = transpor S, Pag)
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We notice that pg, : code(inl(ap)), since code(inl(ap)) = (ag =, ap) We
also notice that for encode, it is only possible for the argument x to be of the
form x = inl(a), since the other possibility is = inr(a), but that case is not
possible, because we would have a function to code(inr(b)) = 0.

For decode, when = = inl(a), we have that code(z) = ag =, a and thus, we
define decode as (inl(ao) =,() inl(a)). When z = inr(a), then code(z) = 0
and thus, we define decode as having any value, given by the elimination of the
type 0. Now, we can finally prove the equivalence.

Starting with encode, we have x = inl(a), inl(ag) =5 x. Since
encode(x, 8) = transport®(s, p,,), we have:

inl(ag) =5 inl(a) Pay : code(inl(ap))

s(in ( 0),inl(a)) o pa, : code(inl(a)) _
o : code(inl(a)) = code(x)

Now, we can go back to inl(ag) = inl(a) by an application of decode, since:
decode(pg : code(z)) = inl(ag) =,,, inl(a)

And we conclude this part, since in our approach inl(ag) =5 inl(a) is con-
structed by applications of axiom pu.

Now, we start from decode. Let ¢ : code(x). If x = inl(a), then c: ap = a
and thus, decode(c) = inl(ag) =, () inl(a). Now, we apply encode. We have:

encode(x, j1c) = transport® (i, pa,)
= transport®(©0=% (¢, p,.) (Lemma 4.11)
= T(pay, €) (Lemma 4.24)
=c (Rule 6)
If x = inr(b), we have that ¢ : 0 and thus, as stated in [16], we can conclude
anything we wish.
]

4.10 Reflexivity

In this section, our objective is to conclude an important result related to the
reflexive path p:

Theorem 4.26 For any type A and a path v =, x : A, if a path s is obtained
by a series (perhaps empty) of applications of axioms and rules of inference of
A\Bn-equality theory for type theory to the path p, then there is a path t' such
that s =y p.
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Proof.

e Base Case:
We can start only with a path x =,. In that case, it is easy, since we

have p =, p.

Now, we consider the inductive steps. Starting from a path s and applying
T, 0, we already have rules yield the desired path:

e s=o(s), with s’ = p.

In this case, we have s = o(s') = a(p) =4 p-

o s=1(s,5"), with s’ =y p and " = p.
We have that s = 7(s, ") = 7(p, p) =trr p
The cases for applications of u, v and £ remain to be proved. We intro-
duce three new rules that handle these cases.
o s=p(s), with s =p p.
We introduce rule 45:

r=p A [f: A— B]
f(@) =p(p.) f(@) : B(z)

I>ma:p f($) :ﬂf(m) f({L’) : B(LL‘)

This rule is also valid for the dependent case:

L =p, T : A [f : H(:):A)B(x)]
p(z,z) o f(w) =4, f(x): B(x)

l>mgvp f(ZE) :pf(x) f(l‘) : B(QS‘)

Thus, we have s = u(s') = u(p) Zmap P-

o s =u(s), with ' =4 p.

We introduce rule 46:

f =p [ H(xA)B(x)
f(@) =v(p,) f(2) : B(x)

\>na:p f(l’) :pf(z) f(.%‘)
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Thus, s = V(S,) =v(p) =nap P-

o s =¢(s'), with s’ =p p.
We introduce rule 47:

b(x) =, b(x): B x: A
Ar.b(r) =¢(py Av.b(7) : A — B

Daap  AT.b(z) =, Ax.b(x)

Thus, s = £(s') = £(p) =zap p-

4.11 Natural Numbers

The Natural Numbers is a type defined inductively by an element 0 : N and
a function succ : N — N. In our approach, the path space of the naturals is
also characterized inductively. We start from the reflexive path 0 =, 0. All
subsequent paths are constructed by applications of the inference rules of A\3n-
equality. We show that this characterization is similar to the one constructed
in [16]. To do this, we use code, encode and decode. For N, we define code
recursively [16]:

code(0,0) =1
code(succ(m),0) =
code(0, succ(m)) =
code(succ(m), suce(n)) = code(m, n)

We also define a dependent function r : I1,,.x)code(m, n), with:

r(0)

T(succ(n))zz

r(n)
Theorem 4.27 For any m,n : N, if there is a path m =, n : N, then t > p.
Proof. Since all paths are constructed from the reflexive path 0 =, 0, this is

a direct application of Theorem 4.26. ]

Theorem 4.28 For any m,n : N, we have (m = n) ~ code(m,n)
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Proof. We need to define encode and decode and prove that they are quasi-
inverses. We define encode : I, .y (m = n) — code(m,n) as:

encode(m, n,p) = transport®m:=)(p r(m))
We define decode : I, .y code(m, n) — (m = n) recursively:

decode(0,0,¢) =0=,0
decode(succ(m),0,¢) =0
decode(0, succ(m),c) = 0)
decode(succ(m), succ(n), ¢) = psucc(decode(m,n, c))

= p. We prove

We now prove that if m =, n, then decode(code(m,n))
= p. Now, consider

by induction. The base is trivial, since decode(0,0, c)
decode(succ(m), succ(n), c). We have that

decode(succ(m), succ(n), c) = psucc(decode(m,n, c))

By the inductive hypothesis, decode(m,n,c) = p. Thus, we need to prove that

tsuce = p. This last step is a straightforward application of rule 47. Therefore,

Msuce =map p- With this information, we can start the proof of the equivalence.
For any m =, n, we have:

encode(m, n, p) = transport®(m:=)(p r(m))

Thus:

m=,n r(m) : code(m,m)

=up) (r(n):code(m,n))

p(m,n)or(m) : code(m,n)

Now, we know that decode(r(n) : code(m,n)) = p and,by Theorem 4.27,
p=0p-

The proof starting from a ¢ : code(m,n) is equal to the one presented in
[16]. We prove by induction. If m and n are 0, we have the trivial path 0 =, 0,
thus decode(0,0,c) = po, whereas encode(0,0, pg) = r(0) = *. We conclude
this part recalling that every = : 1 is equal to x, since we have z =5, * : 1. In
the case of decode(succ(m),0,c) or decode(0, suce(n),c), ¢ : 0. The only case
left is for decode(succ(m), succ(n), ). Similar to [16], we prove by induction:

encode(succ(m), suce(n), decode(suce(m), succ(n), c))
= encode(succ(m), succ(n), psucc(decode(m,n, c))
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= transport®de(suecm)=) (. (decode(m, n, ¢)), r(suce(m))

= transportcode(succ(m).succ(=) (decode(m, n, c), r(succ(m))

= transport®(™=) (decode(m, n, c),r(m))

= encode(m,n, decode(m,n, c))

=c |

4.12 Fundamental Group of a Circle

The objective of this section is to show that it is possible to use computational
paths to obtain one of the main results of homotopy theory, the fact that the
fundamental group of a circle is isomorphic to the integers group. First, we
define a circle as follows:

Definition 4.29 (The circle S') A circle is the type generated by:

e A point base : S

o A computational path base =, base : St

The first thing one should notice is that this definition doest not use only
the points of the type S', but also a computational path loop between those
points. That is way it is called a higher inductive type [16]. Our approach
differs from the classic one on the fact that we do not need to simulate the
path-space between those points, since computational paths exist in the syntax
of the theory. Thus, if one starts with a path base =;,,, base : S1., one can
naturally obtain additional paths applying the path-axioms p, 7 and ¢. Thus,
one has a path o(loop) = loop~!, 7(loop,loop), etc. In classic type theory,
the existence of those additional paths comes from establishing that the paths
should be freely generated by the constructors [16]. In our approach, we do
not have to appeal for this kind of argument, since all paths comes naturally
from direct applications of the axioms.

With that in mind, one can define the fundamental group of a circle. In
homotopy theory, the fundamental group is the one formed by all equivalence
classes up to homotopy of paths (loops) starting from a point a and also ending
at a. Since the we use computational paths as the syntax counterpart in type
theory of homotopic paths, we use it to propose the following definition:

Definition 4.30 (II;(A, a) structure) I1;(A,a) is a structure defined as fol-
lows:

II1 (A, a) = {[pathlyy | @ =pan a = A}
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We use this structure to define the fundamental group of a circle. We also
need to show that it is indeed a group.

Proposition 4.31 (I1;(S,a),0) is a group.

Proof. The first thing to define is the group operation o. Given any a =, a :
St and a =; a : S, we define r o s as 7(s,r). Thus, we now need to check the
group conditions:

e Closure: Given a =, a : S* and @ =; a : S, r o s must be a member of
the group. Indeed, ros = 7(s,7) is a computational path a =,y a : St

e Inverse: Every member of the group must have an inverse. Indeed, if we
have a path r, we can apply o(r). We claim that o(r) is the inverse of ,
since we have:

o(r)or =7(r,o(r)) =u p
ro O'(’I”) = T(O’(’I”), T) =tsr P
Since we are working up to rw-equality, the equalities hold strictly.

e Identity: We use the path a =, a: S1 as the identity. Indeed, we have:

rop=1(p,r) =urr

por=1(r,p) =gy T.

e Associativity: Given any members of the group a =, a : S, a =; a and
a =5 a, we want that ro (sot) = (ros)ot:

ro(sot)=71(7(t,s),r) =u 7(t,7(s,1)) = (ros)ot
All conditions have been satisfied. (II1(S,a), o) is a group. [

Thus, (II1(S,a),0) is indeed a group. We call this group the fundamental
group of St. Therefore, the objective of this section is to show that I1; (S, a) =
7.

Before we start developing this proof, the following lemma will prove to be
useful:
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Lemma 4.32 All paths generated by a path a =o0p a are rw-equal to a path
loop™, for an € 7.

We have said that from a loop, one freely generate different paths applying

the composition 7 and the symmetry. Thus, one can, for example, obtain
something such as loop o loop o loop™! o loop.... Our objective with this lemma
is to show that, in fact, this path can be reduced to a path of the form loop™,
for n € Z.
Proof. The idea is to proceed by induction on the number n of loops, i.e.,
loop™. We start from a base p. For the base case, it is trivially true, since
we define it to be equal to loop’. From p, one can construct more complex
paths by composing with loop or o(loop) on each step. We have the following
induction steps:

e A path of the form p concatenated with loop: We have p o loop =
7(loop, p) =¢rr loop = loop’;

e A path of the form p concatenated with o(loop): We have p o o(loop) =
7(a(loop), p) =trr= o (loop) = loop™

e A path of the form loop™ concatenated with loop: We have loop™ o loop =
loop"t1.

e A path of the form loop™ concatenated with o(loop): We have loop™ o
a(loop) = (loop™~! o loop) o o(loop) =y loop™* o (loop o o(loop)) =

loopn_lo(T(J(loop), loop)) =isr= loop"lop = 7(p, loop”_l) =1, loop™ ™!

™ concatenated with loop: We have loop™™ =

("=1) 6 ¢ (loop). Thus, we have (loop~("~1 o

e A path of the form loop™
loop~ "=V o loop~! = loop™

o (loop))oloop =4 loop_(”_1)o(a(l00p)oloop) = loop_(”_l)m'(loop, o(loop)) =

(n—1) n—1)

= loop™ o p=T1(p,loop~ 1) =, loop—( i

e a path of the form loop™™ concatenated with o(loop): We have loop™ o
loop™t = loop~ (1)

Thus, every path is of the form loop™, with n € Z. [ |

This lemma shows that every path of the fundamental group can be repre-
sented by a path of the form loop™, with n € Z.
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Theorem 4.33 II;(S,a) = Z

To prove this theorem, one could use the approach proposed in [16], defining
an encode and decode functions. Nevertheless, since our computational paths
are part of the syntax, one does not need to rely on this kind of approach to
simulate a path-space, we can work directly with the concept of path.

Theorem 4.34 II;(S,a) = Z

To prove this theorem, one could use the approach proposed in [16], defining

an encode and decode functions. Nevertheless, since our computational paths
are part of the syntax, one does not need to rely on this kind of approach to
simulate a path-space, we can work directly with the concept of path.
Proof. The proof is done by establishing a function from II; (S, a) to Z and
then an inverse from Z to I1; (S, a). Since we have access to the previous lemma,
this task is not too difficult. The main idea is that the n on loop™ means the
amount of times one goes around the circle, while the sign gives the direction
(clockwise or anti-clockwise). In other words, it is the winding number. Since
we have shown that every path of the fundamental group is of the form loop™,
with n € Z, then we just need to translate loop™ to an integer n and an integer
n to a path loop™. We define two functions, toInteger : 111(S,a) — 7Z and
toPath : Z — 111 (S, a):

e tolnteger: To define this function, we use the help of two functions
defined in Z: the successor function succ and the predecessor function
pred. We define tolnteger as follows. Of course, we use directly the fact
that every loop of S is of the form loop™ with n € Z:

toInteger([loop™)rw = [plrw) = 0 n=0
toInteger : } tolnteger([loop™] ) = succ(toInteger([loop™ 1],.)) n>0
toInteger([loop™],,) = pred(tolnteger([loop™ )] ) n<0

e toPath: We just need to transform an integer n into a path loop™:

toPath(n) = [p]rw n=>0
toPath : § toPath(n) = toPath(n — 1) o [loop],w n>0
toPath(n) = toPath(n + 1) o [o(loop)|rw n <0

Now we just need to show that they are inverses. To do this, we have to
check two equations:
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1. toPath(toInteger([z]rw)) = []rw
2. tolInteger(toPath(n)) =n

From a path [z],., we apply Lemma 5.22 to obtain [x],, = [loop"]p, for
some integer n. Thus toPath(tolnteger([z]y)) = toPath(toInteger([loop™] ) =
toPath(n) = [loop™];w = []rw. The opposite direction is straightforward:
toInteger(toPath(n)) = tolnteger([loop™|;,) = n. Thus, we conclude that
they are inverses. Also, the map between the operations of the groups is direct,
since we can easily map o to +. This is due to the fact that loop™ o loop™ =

loop™™™ and thus, tolnteger|[loop”™ ™.y, = n + m. It is also straightfor-
ward that toPath(n +m) = [loop™T"],,. Thus, we establish the isomorphism
Hl (S, CL) =7. |

4.13 Rules Added to LNDgg —TRS

In this section, we have introduced 7 new rules to the LNDgg —TRS system.
It is the following list of rules:

40. T(p(r), u(s)) =¢ p(r(r,s))

A1, pag(pp (D)) =cf tigor(p)

42. pirg,(p) =ci p

43. T(Hyg(2), pg(p)) =np T(1s(p), Hyg(y))
44. pus(en(p, )) =mac €A(Hg(P); 1n(q))

45. pf(pz) =map Pf(2)

46. V(,Om) “nap Pf(x)

47. S(P) =zxp P

Since we added 8 new rules to the system, a rather natural question may
arise: what about the completeness of this rewrite system. Is it now complete?
The formal answer to this question is that we have not proved the completeness
of this system yet. In this work we added rules that were not previously found
and that involve simple combinations of computations of inference rules such as
p and v. We then showed that our system is now powerful enough to formalize
all basic types of homotopy type theory. Nevertheless, we think that it is
important to formalize a proof of completeness of our rewrite system and this
will be one of the main topics of research for future works.

Another important topic is the proof of termination and confluence of this
system. We have mentioned that this proof was obtained in the works of
[2, 4, 3, 6]. Nevertheless, since we added new rules, we need to extend this
proof to include these rules. To do that, we can use the same techniques
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used in these previous works. Even so, extending this proof might not be
completely straightforward and could involve a good amount of work. Given
the importance of this proof, we also leave this work as one of the main focus
of our future works.

5 Conclusion

In this work, we connected our computational path approach to homotopy
type theory. Using the algebra of computational paths, we have established
important results of homotopy type theory. That way, we have shown that our
approach yields the main building blocks of homotopy type theory, on par with
the classic approach. We have also improved the rewrite system, adding new
reduction rules. Indeed, we have ended this work with one of the most classic
results of algebraic topology, the fact that the fundamental group of the circle
is isomorphic to the group of integers.

In view of all results achieved in this work, we have developed a valid al-
ternative approach to the identity type and homotopy type theory, based on
this algebra of paths. We also believe that we have opened the way, in future
works, for possible expansions of this results, opening the possibility of for-
mulating and proving even more intricate concepts and theorems of homotopy
type theory using computational paths. We have also used the results obtained
in section 4 to calculate the fundamental group of other spaces besides the cir-
cle. We present these calculations in a new and still unpublished work, but
already available in a preprint version that can be checked in [9].

References

[1] Steve Awodey. Type theory and homotopy. In P. Dybjer, Sten Lindstrom,
Erik Palmgren, and G. Sundholm, editors, Epistemology versus Ontology,
volume 27 of Logic, Epistemology, and the Unity of Science, pages 183—
201. Springer Netherlands, 2012.

[2] A. G. de Oliveira. Proof transformations for labelled natural deduction via
term rewriting. 1995. Master’s thesis, Depto. de Informética, Universidade
Federal de Pernambuco, Recife, Brazil, April 1995.

[3] A. G. de Oliveira and R. J. G. B. de Queiroz. A normalization procedure
for the equational fragment of labelled natural deduction. Logic Journal
of IGPL, 7(2):173-215, 1999.



[4]

[11]

[12]

Expricit COMPUTATIONAL PATHS 481

R. J. G. B. de Queiroz and A. G. de Oliveira. Term rewriting systems
with labelled deductive systems. In Proceedings of Brazilian Symposium
on Artificial Intelligence (SBIA’94), pages 59-72, 1994.

R. J. G. B. de Queiroz and A. G. de Oliveira. Natural deduction for
equality: The missing entity. In Luiz Carlos Pereira, Edward Haeusler, and
Valeria de Paiva, editors, Advances in Natural Deduction - A Celebration
of Dag Prawitz’s Work, pages 63-91. Springer, 2014.

R. J. G. B. de Queiroz, A. G. de Oliveira, and D. M. Gabbay. The
Functional Interpretation of Logical Deduction. World Scientific, 2011.

R. J. G. B. de Queiroz, A. G. de Oliveira, and A. F. Ramos. Propositional
equality, identity types, and direct computational paths. South American
Journal of Logic, 2(2):245-296, 2016. Special Issue A Festschrift for Fran-
cisco Miraglia, M. E. Coniglio, H. L. Mariano and V. C. Lopes (Guest
Editors).

R. J. G. B. de Queiroz and D. M. Gabbay. Equality in labelled de-
ductive systems and the functional interpretation of propositional equal-
ity. In Proceedings of the 9th Amsterdam Colloquium, pages 547-565.
ILLC/Department of Philosophy, University of Amsterdam, 1994.

Tiago M. L. De Veras, Arthur F. Ramos, Ruy J. G. B. De Queiroz,
and Anjolina G. De Oliveira. On the calculation of fundamental
groups in homotopy type theory by means of computational paths.
https://arziv.org/abs/1804.01413, 2018.

R. Harper. Type theory foundations, 2012. Type Theory Foundations,
Lecture at Oregon Programming Languages Summer School, Eugene, Ore-
gon.

J. Roger Hindley and Jonathan P. Seldin. Lambda-calculus and combina-
tors: an introduction. Cambridge University Press, 2008.

Martin Hofmann and Thomas Streicher. The groupoid interpretation of
type theory. In Twenty-five years of constructive type theory (Venice,
1995), volume 36 of Ozford Logic Guides, pages 83-111. Oxford Univ.
Press, New York, 1998.

Philippe Le Chenadec. On the logic of unification. Journal of Symbolic
computation, 8(1):141-199, 1989.

Arthur F. Ramos, R. J. G. B. de Queiroz, and A. G. de Oliveira.
On the identity type as the type of computational paths.  2015.
http://arxiv.org/abs/1504.04759.



482 A. RAmMOSs, R. DE QUEIROZ, A. DE OLIVEIRA AND T. DE VERAS

[15] Arthur F. Ramos, Ruy J. G. B. De Queiroz, and Anjolina G. De Oliveira.
On the identity type as the type of computational paths. Logic Journal
of the IGPL, 25(4):562-584, 2017.

[16] The Univalent Foundations Program. Homotopy Type Theory: Univa-
lent Foundations of Mathematics. https://homotopytypetheory.org/book,
Institute for Advanced Study, 2013.

[17] V. Voevodsky. Univalent foundations and set theory, 2014. Univalent
Foundations and Set Theory, Lecture at IAS, Princeton, New Jersey, Mar
2014.

Arthur F. Ramos

Centro de Informatica

Universidade Federal de Pernambuco
Av. Jornalista Anibal Fernandes, s/n
50740-560 Recife, PE, Brazil

E-mail: afr@cin.ufpe.br

Ruy J. G. B. de Queiroz

Centro de Informatica

Universidade Federal de Pernambuco
Av. Jornalista Anibal Fernandes, s/n
50740-560 Recife, PE, Brazil

E-mail: ruy@cin.ufpe

Anjolina G. de Oliveira

Centro de Informatica

Universidade Federal de Pernambuco
Av. Jornalista Anibal Fernandes, s/n
50740-560 Recife, PE, Brazil

E-mail: ago@cin.ufpe.br

Tiago M. L. de Veras

Centro de Informaética

Universidade Federal de Pernambuco
Av. Jornalista Anibal Fernandes, s/n
50740-560 Recife, PE, Brazil

E-mail: tiago.veras@ufrpe.br



Expricit COMPUTATIONAL PATHS 483

Appendices

A Subterm Substitution

In Equational Logic, the sub-term substitution is given by the following infer-
ence rule [4]:

s=1
s6 =10

One problem is that such rule does not respect the sub-formula property.
To deal with that, [13] proposes two inference rules:

M=N C[N]=0 CIN] N=0
M = C[O]

where M, N and O are terms.
As proposed in [7], we can define similar rules using computational paths,
as follows:

x=,Cly]: A y=su:A r=pw:A Clw] =

=su:A
L =suby,(r,s) C[u} tA C[:C] “subg(r,s) U A

where C'is the context in which the sub-term detached by ’[ ]” appears and A’
could be a sub-domain of A, equal to A or disjoint to A.

In the rule above, C[u] should be understood as the result of replacing every
occurrence of y by u in C.

B List of Rewrite Rules

We present the rewrite rules of LNDgpg —TRS. They are as follows (We show
only the original 39 rules as proposed by [2] and [7]. The new rules added to
the system appears in the end of section 5):

)]) per Clp]

]) Disr C[p]

trr C[T]

tlr C[’I"]

T]’ C[p]) Dsir C[T]
C

S
o2

>
>

© 0N O W
\]
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10. suby(subr(s,Clo(r)]),C[r]) Psiss S
11. subg(C[s], subg(Clo(s)], 7)) Bers
12. subg(Clo(s)], subg(C[s], 7)) Beprr T
13. p1(1(7)) bmg2ir 7

)
14. ,U,l(f/\(T 3)) Pma212 T
15. M2(§/\(T 5)) Pma2rl S
16. p2(82(8)) Brmazr2 s
(T S, ) Pma3l S
S,

17. p(&a(r),

18. :u(£2(r>7 )Dmx3r U

19. v(&(r)) Ppmar T

20. N(£2(r)7 S) Pmar S

21, &(pa(r), pa(r )) Pmag T

22. p(t, & (r), €2(5)) Prmaa t

23. §(y(r)) Drmr T

24. (s, &(r)) Pmeir S

25. 0(r(r, )) batns 7(0(5), (1))

26. o(subr(r,s)) >ssp subr(o(s),o(r))
27. o(subg(r,s)) bsspr subL(o(s),o(r))
28. 0(¢(r)) bas £(0(r))

29. 0(&(s,7)) Psass £(0(s),0(r))

30 0(u(r)) bom (0 (1))

3L o (u(s,7)) Pomss 1(o(s), o(r))

32. a(p(r,u,v)) Pomsss 1(o(r), o (u),o(v))
33. 7(r ,subL(p, S)) Despy subr(r, s)

34. 7(r, subg(s, p)) Prspr; subL(r, s)

35. 7(subr(r, s),t) Byspir 7(7, sSubg(s,t))
36. T(subg(s,t),u) >isprr subg(s, (¢, u))
37. 7(1(t,r),s) >y 7(t, 7(r, s))

38. 7(Clu], 7(Clo(u)],v)) bus v

39. 7(Clo(w)], 7(Clul, v)) Prst u.



