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Abstract

In this paper we present classifying toposes for the following theories:
the theory of C*°—rings, the theory of local C>*°—rings and the theory of
von Neumann regular C*°—rings. The classifying toposes for the first two
theories were stated without proof by Ieke Moerdijk and Gonzalo Reyes
on the page 366 of [16], where they assert that the topos Set® F"8w clas-
sifies the theory of C>*°—rings and that the smooth Zariski topos classifies
the theory of local C*°—rings. We begin by constructing a classifying
topos for the theory of C*°—rings, by mimicking the construction of a
classifying topos for the theory of commutative unital rings given in [12],
and then we prove that the smooth Zariski topos classifies the theory of
local C*° —rings. We also give a description of the classifying topos for the
theory of von Neumann regular C*° —rings.

Keywords: Classifying Toposes, C*°—rings, local C*°—rings, von Neumann
regular C*°—rings.

Introduction

An R—algebra A in a category with finite limits, C, may be regarded as a finite
product preserving functor from the category Pol, whose objects are given
by Obj(Pol) = {R"|n € N}, and whose morphisms are given by polynomial
functions between them, Mor (Pol) = {R™ & R"|m,n € N, p polynomial}, to
C, that is:

A:Pol —C.

In this sense, an R—algebra A is a functor which interprets all polynomial
maps p : R™ — R", for m,n € N. In this vein, one may define a C*°—ring as a
finite product preserving functor from the category C*°, whose objects are given
by Obj (C*) = {R"|n € N} and whose morphisms are given by C>°—functions

between them, Mor (C*°) = {R™ ER R"™|m,n € N, fsmooth function}, i.e.,
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A:C* = C.

According to I. Moerdijk and G. Reyes in [14], the original motivation to
introduce and study C®°—rings was to construct topos-models for Synthetic
Differential Geometry. Their introduction circumvent some obstacles for a
synthetic framing for Differential Geometry in Set, like, for instance, the lack,
in the category of smooth manifolds, of finite inverse limits (in particular,
even binary pullbacks of C®°—manifolds are not manifolds, unless a condition
of tranversality is fulfilled) and the absence of a convenient language to deal
explicitly and directly with structures in the“infinitely small” level (cf. [16]).
The existence of nilpotent elements, which provides us with a language that
legitimates the use of geometric intuition does not come for free: the essential
Kock-Lawvere axiom and its consequences, for example, are not compatible
with the principle of the excluded middle (see [11]). Thus, in order to deal
with C*°—rings one must give up on Classical Logic, and this necessarily leads
us to the need for “toposes” - which can be seen as “mathematical worlds” in
which one has an intuitionistic logic.

The theory of C*°—rings can be interpreted in any category C with finite
products. However, as we consider theories of C*°—rings that require its models
to satisfy axioms with connectives such as “disjunctions” (which is the case for
the theory of local C*°—rings), we need “richer categorical constructions” (such
as the possibility of forming unions of subobjects) in order to interpret them
meaningfully in any topos.

It is a well-known result that some types of first order theories - depending
on the language and on the structure of their axioms always have a classifying
topos (cf. [13]). Among the first order theories which have a classifying topos
we find the so-called “geometric theories”, i.e., theories (possibly infinitary and
poli-sorted) whose axioms consist of implications between geometric formulas.

In this paper we are concerned with a concrete description of the classifying
topoi of the (equational) theory of C°°—rings, the (geometric) theory of the lo-
cal C*°—rings and the (equational) theory of von Neumann regular C*°—rings.
We present a step-by-step construction of such topoi, mimicking the construc-
tion of the classifying topoi for the theory of rings and for the theory of local
rings given in [12] with some adaptations.

Overview of the Paper

The organization of this paper is as follows.
In the first section we present some concepts and preliminary results on
categorial logic, classifying toposes and C*°—rings.
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In section 2 we give a comprehensive description of the classifying topos
for the theory of C*°—rings as a presheaf category. In the third section we
give a detailed description of the smooth Zariski (Grothendieck) topology and
its corresponding sheaf topos as the classifying topos for the theory of local
C*°—rings.

In the final section we introduce the notion of a von Neumann regular
C*°—ring along with some of its characterizations and we describe the classify-
ing topos for the (first-order) theory of von Neumann regular C*°—rings. We
also present some related topics which can be developed in future works.

1 Preliminaries

1.1 On C*-rings

In order to formulate and study the concept of C*°—ring, we are going to
use a first order language £ with a denumerable set of variables (Var(£) =
{z1,22, - ,Tpn, -+ }) whose nonlogical symbols are the symbols of C*°—func-
tions from R™ to R™, with m,n € N, i.e., the non-logical symbols consist only
of function symbols, described as follows:

For each n € N, the n—ary function symbols of the set C*°(R"™,R), i.e.,
Finy = {f™|f € C>®(R",R)}. So the set of function symbols of our language
is given by:

F=Fw=UC*®R"
neN neN

Note that our set of constants is identified with the set of all 0O—ary function
symbols, i.e., C = F(g) = C(R?) = C®({*}).

The terms of this language are defined, in the usual way, as the smallest set
which comprises the individual variables, constant symbols and n—ary function
symbols followed by n terms (n € N).

Apart from the functorial definition we gave in the introduction, we have
many equivalent descriptions. We focus, first, in the following description of a
C*°—ring in Set.

Definition 1.1 A C*®°—structure on a set A is a pair A = (A, ®), where:

®: J,enC¥R",R) — Upen Func (A™; A)
(fRPSER) s B(f) = (fA A" » A)

that is, ® interprets the symbols' of all smooth real functions of n variables
as n—ary function symbols on A.

'here considered simply as syntactic symbols rather than functions.
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We call a C*°—structure 2 = (A, ®) a C>*°—ring if it preserves projections
and all equations between smooth functions. We have the following:

Definition 1.2 Let A = (A, ®) be a C°—structure. We say that 2 (or, when
there is no danger of confusion, A) is a C*°—ring if the following is true:
e Given any n,k € N and any projection pi : R™ — R, we have:

e For every f,g1, - gn € C®(R™ R) with m,n € N, and every h €
C>®(R™ R) such that f =ho (g1, -+ ,gn), one has:

A ): (Vl‘l) . (\V/ZL'm)(f(l‘l, ,l'm) = h(g($1,"' ,l‘m),“' 7911(1'1,"‘ ,ZL'm)))

Definition 1.3 Let (A, ®) and (B, V) be two C*—rings. A function ¢ : A —
B is called a morphism of C*®°—rings or C*°-homomorphism if for any

n € N and any f: R" TR the following diagram commutes:

A o)
Q(f)i iw)
A L B

ice., U(f) o™ =pod(f).

Remark 1.4 Observe that C*°—structures, together with their morphisms com-
pose a category, that we denote by C*°Str, and that C*°—rings, together with
all the C*°—homomorphisms between C°—rings compose a full subcategory of
C>*Rng. In particular, since C°Rng is a “variety of algebras” (it is a class
of C*®—structures which satisfy a given set of equations), it is closed under
substructures, homomorphic images and producs, by Birkhoff’s HSP Theo-
rem. Moreover:

e C*°Rng is a concrete category and the forgetful functor, U : C°Rng — Set
creates directed inductive colimits;

e Fach set X freely generates a C°-ring, in particular C*°(R™,R) is the free
C*-ring on n generators, n € N;

e The congruences of C*°—rings are classified by their “ring-theoretical” ideals;
e Fvery C®—ring is the homomorphic image of some free C*°—ring determined
by some set, being isomorphic to the quotient of a free C*°—ring by some ideal.

Within the category of C*°—rings, we have two special subcategories, that
we define in the sequel.
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Definition 1.5 A C*®°—ring A is finitely generated whenever there is some
[ee] RTL
n € N and some ideal I C C*(R™) such that A = Cg) The category of all

finitely generated C*°—rings is denoted by C*Rngy,.

Definition 1.6 A C*®—ring is finitely presented whenever there is some

o0 RTL
n € N and some finitely generated ideal I C C*(R™) such that A = M

Whenever A is a finitely presented C*°—ring, there is somen € N and some
fi,--, fr € C®°(R") such that:

C>®(R™)
<f1a T fk>
The category of all finitely presented C>°—rings is denoted by C*Rngg,

A=

These categories are closed under initial objects, binary coproducts and
binary coequalizers. Thus, they are finitely co-complete categories, that is,
they have all finite colimits (for a proof of this fact we refer to the chapter 1
of [2]).

Since C**Rngyg, has all finite colimits, it follows that C“Rng?}f has all finite
limits.

1.2 Categorial Logic and classifying topoi

In this subsection we list the main logical-categorial notions and results that
we will need in the sequel of this work. The main references here are [12], [7],
[6] and [13].

(I) Sketches and their models:

e A (small) sketch is a 4-tuple S = (G, D, P,I) ([6]), where G is a (small)
oriented graph; D is a (set)class of small (non-commutative) diagrams over G;
P is a (set)class of (non-commutative) cones over G; I is a (set)class of (non-
commutative) co-cones over G. S is a geometric sketch if P is a set of cones
over G with finite basis. Each (small) category C' determines a (small) sketch:
sk(C) = (|C|, D¢, Pe, I¢), where |C| is the underlying graph of the category, D¢
is the class of all small commutative over C, P is the class of all small limit
cones over C, I¢ is the class of all small colimit co-cones over C. A sketch
S =(G,D,P,I) is called a (P,Z)-type if the base of all cones in P are in the
class P and if the base of all co-cones in I are in the class Z.

e A morphism of sketches & — S’ is a homomorphism of the underlying
graphs that preserves all the given structures. This determines a (very large)
category SK.
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e A model of a sketch S in a category C is a morphism of sketches § —
sk(C). We will denote Mod(S,C) the category whose objects are the mod-
els of S into the category C and the arrows are the natural transformations
between the models (this makes sense since C is a category). Many usual cat-
egories of (first-order, but not necessarily finitary) mathematical structures K
can be described as K ~ Mod(S, Set) = SK(S, sk(Set)) for some small sketch
S; for instance: groups and their homomorphisms, rings and their homomor-
phisms, fields and their homomorphisms, local rings and local homomorphisms,
o-boolean algebras and their homomorphisms, Banach spaces and linear con-
tractions.

e Every small sketch S of (P,Z)-type has a “canonical” (P,Z)-model M :
S — sk(S’), where S is a P-complete and Z-cocomplete category called “the
(P,Z)-theory of §”. That is, it has all limits of the type occurring. This
means that for each category C that is P-complete and Z-cocomplete compos-
ing with M yields an equivalence of categories Func(p 1) (3 ,C) = Mod(S,C) =
SK(S,sk(C)), where Funcp 7, (8,C) is the full subcategory of Func(S, C), of all

functors that preserves P-limits and Z-colimits. The (P, Z)-theory S is unique
up to “equivalence of categories”.

(IT) Grothendieck Topoi and geometric morphisms:

e A (small) site is a pair (C,J) formed by a (small) category C and a
Grothendieck (pre)topology J on C, i.e. a map C € Obj(C) — J(C) where
f € J(C) is a small family of C-arrows F = {f; : A; — C},cs that satisfies:
the isomorphism axiom; stability axiom and transitivity axiom ([12]). The
usual notion of covering by opens in a topological space X provides a site
(Open(X), J).

e Similar to the case of (pre)sheaves over a topological space it can be de-
fined in general the (pre)sheaves category: Sh(C,.J) < Set®” and the sheafi-
fication (left adjoint) functor a : Set®” — Sh(C,.J) : determines a geometric
morphism.

e A Grothendieck topos £ is a category that is equivalent to the category
of sheaves over a small site (C,J), € ~ Sh(C, J) — Set(€™).

e A geometric morphism between the Grothendieck topoi £,&', f : £ — &/,
is a functor f* : & — & that preserves small colimits and is left exact (i.e.
it preserves finite limits). Equivalently a geometric morphism & — £’ a is an
equivalent class of adjoint functors

f
E=E
f*
where f* is left exact and left adjoint to fi, and (f*, fi) = (g%, g«) iff f*=g*
(and thus fi = gs). If (C,J) is a small site, the “sheafification (left adjoint)
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functor” a : Set®”” — Sh(C,.J) determines a geometric morphism Sh(C, J) —
SetC™.

o If £, F are Grothendieck topoi, we denote Geom(F,&) — Func(€,F)
the full subcategory of the category of functors and natural transformations
formed by the (left adjoint part) of geometric morphisms F — €£.

(IIT) (Functorial) Theories:

e A mathematical theory T will be called a functorial mathematical theory,
when there is a small category Cr such that the category of models of this
theory in a Grothendieck topos F, Mod £(7T') is (naturally) equivalent to a full
subcategory of Homyp(Cp, F) < Func(Cp, ). This category Cr is unique up
to equivalence.

e Let C be a small category with finite products and consider the (functorial)
theory of finite product preserving functors on C, i.e. Cr = C and Modr(€) =
HOH]T(CT7 5) = Pl“Odﬁn(CT7 5) — FunC(C, 5)

e Let C be a small left exact category (i.e. C has all finite limits) and
consider the (functorial) theory of left exact functors (= finite limits preserving
functors) on C, i.e. Cr = C and Modr(€) = Homp(Cr, &) = Lex(Cr, &) —
Func(C, €&).

e Examples of functorial mathematical theories are given by the theories S
associated to small sketches S = (G, D, P, I) (see (I) above).

e To each geometric/coherent first-order theory in the infinitary language
Lo, can be associate a small ”syntactical” category Cr in such a way to de-
termine a functorial theory ([13]).

(IV) Classifying topoi:

e Let T be a functorial mathematical theory. T" admits a classifying topos
when there are (i) a Grothendieck topos £(T); (ii) a model M : Cr — E(T);
that are (2-)universal in the following sense: given a Grothendieck topos F,
composing M with the left adjoint part of the geometric morphism yields an
equivalence of categories Geom(F, E[T]) = Homp(Cr, F). The topos E[T] is
called the classifying topos of the theory T and the model M is called the
generic model of the theory T

e Each classifying topos of a functorial mathematical theory determines an
equivalence of categories Geom(F,E[T]) ~ Modp(T'), for each Grothendieck
topos F. When a functorial mathematical theory admits is a classifying topos,
it is unique up to equivalence of categories.

e Let C be a small left exact category, then the theory of left exact functors
on C admits the presheaves category Set®” as a classifying topos and the
Yoneda embedding Y¢ : C — Set®”” is the generic model.

e If (C,J) is a small site over a left exact category C, then the theory
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of left-exact (i.e. finite limit preserving) continuous (i.e. takes covering into
colimits) functors is classified by the topos Sh(C, J), where the canonical model
is C 2 Set” % Sh(C, J).

e The Mitchell-Bénabou language of a elementary/Grothendieck topos and
the Kripke-Joyal semantics allows us to interpret —in particular— first-order
formulas in many sorted languages L /Loow, in a elementary/Grothendieck
topos. Every geometric theory admits a classifying topos.

e Every Grothendieck topos is the classifying topos of a small geometric
sketch.

2 A Classifying Topos for the Theory of C*°—rings

In this section we describe a classifying topos for the theory of C*°—rings. We
mimic the construction of a classifying topos for the theory of commutative uni-
tal rings, given by I. Moerdijk and S. Mac Lane in [12], making some necessary
adaptations to the context of C*—rings.

2.1 (C*—Ring Objects in Categories with Finite Products

Definition 2.1 Let C be a category with finite products. A C*°—ring object
in C is a morphism of sketches A : Scomrng — sk(C), where Scomng is the
sketch of the theory of C*°—rings.

Proposition 2.2 Given a C®°—ring-object A : Scoo_rng — sk(C) in C,in the
sense of the Definition 2.1, the object A(|R|) € Obj(C) has an obvious
C®—ring structure, ¥, given by:

U UneNCOO(Rn,R) — UnEN Homc(A(|R|)n,A(‘R|))
f = A(f]) - A(R])™ — A(R])

Thus, we have the (universal-algebraic) C*°—ring (A(|R|), ¥).

Proof. It suffices to prove that ¥ satisfies the two groups of axioms given in
Definition 1.2.

U preserves projections, since A, as a C®°—ring object, maps the pro-
jective cones given in P to limit cones in C - that is, to products. Given
n,miy,- - ,my € Nsuch that n =my+---,my and the projections py,. : R" —
R™i i =1,--- Kk, U(pp,,) = A(lpi, ) + A(R|)" — A(|R])™, which must be
the projections since A maps the cone (py, : R" — R™i);—; . ; to a product
in C.
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Also, for every n € N and every (n+2)—tuple of C>*°*—functions, (h, g1, - , gn, f)
with f € C®(R"), g1, - , gn € C®°(RF) with:

h:fo(gla"'>gn)

we have:

(folgr,--gn) = Alflo gl lgnl)) = A(f]) 0 Al(lg1l,- - gnl)),

since A, as a C°>°—ring, maps the diagram:

\ v

I8

(that belongs to D since h = f o (g1, - ,gn)) to a commutative one:

A((lg1ls=slgnl)) n
A(|RF|) ZEE A(IR™)

A
A(D J{ (11

A(|R])
that is A(|h]) = A(|f]) o A((lg1],--- . |gnl))-
Claim: A((|g1],- -+ ,19al)) = (Alga]), -+, Allgnl))-
Indeed, for every i € {1,--- ,k} the following diagram commutes:

A(|RF|) S A(IR™)

A(lpr
AQSD l (Ip}'1)
A(IR])
and since A interprets each p', ¢ = 1,--- ,k, as a projection, A(|p}'|), it
follows that:
A((lg1l,- -+ 1gnl)) = (Allga]), -+ A(lgnl))-

Thus
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U(h) == A([h]) = A([f] o (9], -~ s lgnl)) = A(f]) o A(lg1],- -~ gnl)) =
= A(lfD) o (Allga]), - - Algnl)) = ¥ (f) o (¥(g1),- -+, ¥(gn))
and ¥ is a C*°—ring structure. [ |

Remark 2.3 LetC be a category with all finite limits. The category C>° — Ring (C)
is not a subcategory of C (cf. p. 101 of [17]). However, there is a forgetful
functor U : C*° — Ring (C) — C which is faithful and reflects isomorphisms
(cf. Proposition 11.3.3 of [17]). It follows that U reflects all the limits and
colimits that it preserves and which exist in C*° — Ring (C).

The following proposition gives us some properties of the category C* — Ring (C)
which are inherited from C.

Proposition 2.4 If a category C is finitely complete, then the same is true for
the category C*° — Ring (C).

Proof. It is an immediate application of Proposition 11.5.1 of page 103 of
[17]. [ |

Proposition 2.5 Let C be a category with all finite limits. Fvery left-exact
functor F : C — C' induces a functor:

Teoo_Ring : C*° — Ring (C) — C™ — Ring (C')

Proof. Since every functor preserves commutative diagrams, it follows that
F maps commutative diagrams of C to commutative diagrams of C’, so the
C>°—ring-objects of C are mapped to C>°—ring-objects of C’. [ |

Proposition 2.6 The object C*°(R) of C**Rngy, is a C*°—ring-object in
C*Rngy,,

Proof. Given any f € C*(R",R) C |J,5(C*(R",R) we define f as the unique
C*—homomorphism sending the identity function idg : R — R to f, that is:

~

f=fo—: C®R) — C=®R")
g = fog
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Theorem 2.7 The category
COORng?;)

is a category with finite limits freely generated by the C*°—ring-object C*°(R).

Proof. As we have already commented, this amounts to prove that for
any category with finite limits, C, the evaluation of a left-exact functor F' :
C‘X’Rng%3 — C at C®(R) gives the following equivalence of categories:

eveo(r) © Lex (C*Rnggl,C) — C* — Rings (C)
F — F(C*(R))

First note that this correspondence is indeed a function, for if F is left-
exact, then it preserves C°°—ring-objects, hence it sends the C*°—ring object
C*(R) of C“Rng?g: into a C*°—ring object of C.

We are going to show that this functor is full, faithful and dense.

® eveeo(r) is faithful;

Let F,G € Obj(Lex (CooRng(f)g,C)) and let 1,0 : F = G be two natural
transformations between them such that:

(e (r) : F(CT(R)) = G(CF(R))) = (bco(w) : F(CT(R)) = G(C*(R))).
We prove that given any object A of C*° — Rng(f)g, we have ng = 04.

First suppose A = C*(R"), that is, A = C*°(R) Qo * * - ®oo C°(R) (which
is a product in C** — Rngg’). Since F is left-exact, F(C*(R")) = F(C*(R))",
and:

Moo (Rr) = Moo (R) X« +* X Neeo(r) + F(CT(R))" — G(C(R))"
Since neeo(r) = Ocoo(r), it follows that neegn) = Opoo wn)-
® eveoo(r) is full;

Let F,G € Obj (Lex (C*>* — Rng?g,C)) and let ¢ : F(C*(R)) — G(C*(R))
be a morphism in C*° — Rings (C). It suffices to take n : F' = G such that
Ncee(rR) = ¥-

® eveoo(R) is isomorphism dense;
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Let R be any object in C*° — Rings (C).

Given this object R, we are going to construct ¢p € Obj(Lex (C* —
Rng?§70)) such that eveeo(r)(¢r) = R.

We set ¢r(C*°(R)) = R.

We first define the action of ¢ on the free C*°—ring objects.

Now, given a free C*°—ring object on n generators, R" , since ¢p is to be
left-exact, it transforms coproducts in C* — Rngg, into products of C. Hence,
since C*(R") = C®(R) Qoo - - - ®oo C°(R), we set:

¢r(C*(R")) = R,
which establishes the action of ¢ on the free objects of C®° — Rng?g .

Now we shall describe the action of ¢ on the arrows between objects of
C® — Rng;>:
fp *

(¢r)1: Mor (C* — Rngs(C)) — Nat(Lex (C* — Rng;,C))

beginning with the C°°—homomorphisms between the free objects of C>* —
Rng?g .

An arrow (i.e., a C**~homomorphism) in C**~Rngy, between free C*°—rings
is a map:
p: C>(RF) — C>®(R™)

(RF—2>R) — (RP2R)

given by a k—tuple of smooth functions, (py,--- ,pg) : R® — RF:
RE (1, pk) _Re
\ - ~ ;(g)
R

where p; = p(m;) : R® = R,i=1,--- ,k and 7; : R¥ — R is the projection on
the :—th coordinate.
Each such smooth function p; : R” — R yields an arrow in C:

OSSN (1)

defined from the C*°—ring structure (defined in the Proposition 2.2), say VU,
of R € C* — Rings (C), which interprets every smooth function in C.
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We have, as a direct consequence of the fact pointed out by Moerdijk and
Reyes on the page 21 of [16], a 1—1 correspondence between C*°—homomorphisms
from C®(R¥) to C>°(R™) and k—tuples of smooth functions from R” to R:

p: C®(RF) — C®(R™)
R» (PIL)PIC) Rk '
The image under ¢ of the arrow p : C*°(R¥) — C>®(R") is calculated first
taking the k-tuple of smooth functions given by the correspondence:

p: C¥(RF) — C=(R")
( )Rk '

R PP

and then interpreting it in R:
or(C¥(RY) —L=C2R")) =p™ = (", p") R" = RE(2)

To complete the definition of the functor ¢r on any finitely presented
C>*(R™)

& o, pe)
coequalizer diagram:

C*®—ring , we note that, by definition, this quotient fits into a

P gy lem)CF(RY)

00 k
=R 0 (P1,- -+ Pr)

(3)
where p; = p(m;) fori=1,--- Jkand O(m;) =0fori=1,--- k.

The category C, by hypothesis, has all finite limits, so the category of the
C*°—rings objects in a category C has equalizers, and there is an equalizer
diagram:

p(B

B> R" R™
o(R)
Thus we define the image under the contravariant functor ¢ of the finitely
)
presented C*°—ring —————— as:
<p17 o 7pk>
COO Rn
¢R <( ) > =F
(1, k)
that is, by the following equalizer diagram in C:
C*®(R" (R)
¢R( &) >> R*—Y - Rk (4)
<p1)"' 7pk> oR)
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Next, we define ¢ on a C>*°—homomorphism h : B — C between any two
C=(R™) C=(R™)
and
(p1,- . Pk) (91, gt)

finitely presented C*°—rings. Let be two finitely

presented C*°—rings and let:
C>®(R™) 2 C>®(R™)
(froo o fe) g, oe)

be a C*°—homomorphism. The C*°—homomorphism @ is determined by some
C*°—function:

p: R* — R™
z = (p1()s s on())
such that (f1, -+, fx) C @«[{g1, - ,9:)]. Hence, the C*°*—~homomorphism ® is

determined by the equivalence classes of n C*°—functions: @1, -+, ¢, : R™ —
R such that:
(VJ € {17 T ﬂk})(fj oY= fj © (()017 to ,(Pn) € <gla te 7gt>)' (5)

As in (2), these n smooth functions determine a C*°—homomorphism (%) :

R™ — R™. Now ¢p (MR)>> and ¢pr <<C(R)> fit into equalizer

(frooo fr g1, 5 9t)
TOWS:

C>®(R™) FB .
10} < > R" R

i <f17"'7fk> o(R)

o)

o0 (R™ (R)
QSR < C ( ) ) - R™ 9 Rt

<g17"' agt> o(R)

where f() . R® — RF is the interpretation of f = (fi,---, fx) : R* — R¥,
g™ . R" — R!is the interpretation of g = (91, ,9¢) : R™ — R the
equalizer « in the lower left is determined by m arrows, a = (aq, - - , ) with

oo (R™M
as¢R<C()) —>R,S:1,"',m
<glv"'7gt>

which satisfy (by definition) ge(cv,- -+, ;) =0 for every £ € {1,--- ,t}.
We have:

fop={(fiop,---,froy)

SO
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FB 0o — (£ o oB) .| B o (R

Since for every i = 1,--- ,k, fiop € <gl,~- ,gt>, there are £ py,--- ,u €

C*°(R™) such that:
t

[0 0B =3 "1y - gs,

=1
and by (5), it follows that:

(VZ S {]—7 o 7k})(f’i(R)OQ0(R)(a17 o 7O[m) == E Nf(ah’ o 7am)'gf(a17 Tt 7am))7
—_—
SO

FB o (@B oa)= (Do ... ) o ) = ),
Hence, the composite o) o o consists of n arrows to R which satisfy the
conditions f o (¢ o a) = 0.
Therefore, by the universal property of equalizers, there is a unique arrow
or(h), indicated as follows:

N n f(R) &
dr(B) R R
A o(R)
|
3pR(P) : %
¢r(C)

Note that ¢r(®) is independent of the choice of ¢; in their equivalence
classes, so ¢ is a functor, as required in (4).

Claim: For each C*°—ring object R in C, the functor ¢ i thus defined is a
left-exact functor ¢ : C**Rngg, — C.

We are going to show that ¢r preserves terminal object, binary products
and equalizers, so ¢ will preserve all finite limits (which are constructed from
these).

In fact, pr(R?) is the empty product of copies of R [since ¢pr(R°) = R for
n = 0], i.e., pr(R%) = 1, so ¢ preserves the terminal object.

Also, since the product of two equalizer diagrams is again an equalizer,
<f17 Ty fk>

one easily verifies from (4) that ¢ is such that for any
c=®™)
(91,75 91)

and any

we have:
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o <<me - J)fk> ee <;W(Rm;>> = o (M) xon (M)

that is, ¢ preserves binary products.

Finally, to see that ¢r preserves equalizers, consider a coequalizer con-
structed in the evident way from two arbitrary maps s, s’ in the category of
finitely presented C*°—rings,

C=(R™) s C=(R™)
(P, k) = o {91, . g8)
- e ©)
(91, ,gt,s0m —s' omy, -+ ,s0m, — s’ omy)

We must show that ¢ sends this coequalizer (6) to an equalizer diagram
inC

First of all, if (6) is a coequalizer, then so is the diagram:

e () =t
s'oqr <gla"' agt>
[o¢] n
N C>®(R™) 7)
(91, ,gt,8s0moqr—s omogqr -+ ,s0m0q — s omoqr)
. : . . : C=(R™)
obtained by precomposing (6) with the epimorphism ¢; : C*°(R™) — )

pb1, Pk

Moreover, since ¢r sends the latter epimorphism, g7, to a monomorphism
in C [in fact, to an equalizer, as in (4), and every equalizer is a monomorphism]|,
¢r sends (6) to an equalizer if, and only if it does for (7). So it suffices to show
that ¢r sends coequalizers of the special form (7) to equalizers in C.

Next, since (7) is a coequalizer, so is

soqr—s’oqr COO(RH)

C*R™) ———=
s'oqr <gl7"' 7gt>
OOR’/L
- i L : )
<91,"'agt75077106H—S omoqr, - ,80TEoqgr — S O7Tk®QI>

and one readily checks that ¢ sends (7) to an equalizer in C if, and only if it
does for (8). So, by replacing s by s—s" and s’ by 0 in (7) we see that is suffices
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to show that ¢ sends coequalizers of the form (7) with s’ = 0 to equalizers in
C.

Given a C>®°—homomorphism p : C*®°(R¥) — C>(R"), construct the dia-
gram:

C>(RF)
pilo

s, o (R™
Coo(]Rm—i-k) (s,p) COO(R”> C ( )

0 <p1a"'apkvso’]rla"'aso’]rm>

7T,ﬂ—>0
m+1<i<k

s C>(R" C>*(R™
. (®") ®")

0 <p17"'apk> <p1a"‘7pk75071'1a"'a5°71'm>

consisting of three coequalizers, two of the form (3). By definition (4), ¢r
sends both the vertical coequalizer and the upper horizontal coequalizer to
equalizers in C. It follows, by diagram chasing that it also sends the lower
horizontal coequalizer to an equalizer in C.

This shows that ¢g is a left-exact functor.

By construction, eveeo(r)(¢r) = dr(C(R)) = R, s0 eveeo(r) is a fully
faithful dense functor, hence an equivalence of categories.

|

We can, therefore, summarize the result of this section as follows:

Theorem 2.8 The presheaf topos SetsC™ B18w is g classifying topos for C°—-
rings, and the universal C*°—ring R is the C°—ring object in Sets’ R 8m
gwen by the forgetful functor from C*Rngy, to Sets . Thus, for any co-
complete topos & there is an equivalence of categories, natural in &:

Ceom (£, Sets® " B18r) . C™Rings (€)

f = (R
3 A Classifying Topos for the Theory of local
C>*—rings

Now we describe the C*°—analog of the Zariski site, whose corresponding topos
of sheaves will be the classifying topos of the theory of the C*°—local rings.
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3.1 The Smooth Zariski Site

In the following we describe the C*°—analog of the Zariski site, which classifies
the theory of the C*°—local rings.

It is known that the topos of sheaves over the Zariski site classifies the
theory of (commutative unital) local rings (see, for example, [13]). We briefly
recall its construction.

Let C be (some) skeleton of the category of all finitely presented commu-
tative unital rings, CRingg,. Given a finitely presented commutative unital
ring, A, we say that a finite family of ring homomorphisms, {f; : A — B;|i €
{1,---,n}} is a “co-coverage” of A if, and only if there are aj,---,a, €

A with ({a1, -+ ,an}) = A such that for every i € {1,--- ,n}, (B;,A Lt
B;) = (Ala; Y, me; : A — Ala;7Y]). The set of all co-covering families of
A is denoted by coCov (A). Naturally, given any isomorphism ¢ : A — B,
{A 5 B} € coCov(A), and for any set of generators of A, {ai, - ,an},
{Na; : A — Ala;"Y|i € {1,--- ,n}} € coCov (A).

Passing to the opposite category, C°P, we say that a finite set of arrows { f; :
B; — Ali € {1,--- ,n}} is a “covering family for A” if, and only if {f;? : A —
Bili € {1,--- ,n}} € coCov(A), and we write {f; : B; — Ali € {1,--- ,n}} €
Cov (A). The Grothendieck-Zariski topology on C°P is the one generated by
Cov, Jooy, that is, given any commutative unital ring A, Jcoy(A) consists of all
sieves S on A generated by Cov (4), that is, S € Uceopjc)Home(C, A) such
that every g € S factors through some element of Cov (A).

The pair (C°P, Jcov) thus obtained is the so-called “Zariski site”. The topos
of sheaves over (C°P, Jooy), Z = Sh(C°P, Jooy) is the classifying topos for the
theory of local commutative unital rings.

In order to define the covering families for C*°—rings we need, just as in
the algebraic case, an appropriate notion of “a C*°—ring of fractions”. Given
a C®—ring A and an element a € A, the C*®°—ring of fractions of A with
respect to a must be a pair (B, f : A — B) such that f(a) € B*, with the
following universal property: given any C*°—homomorphism ¢ : A — C such
that g(a) € C*, there is a unique C*°*—homomorphism g : B — C such that
the following diagram commutes:

In the Theorem 1.4 of [14], I. Moerdijk and G. Reyes give two conditions
which capture the notion of “the C*°—ring of fractions with respect to one
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element”. The following definition we give can be shown to be its natural
extension to arbitrary subsets.

Definition 3.1 Let A be a C*®°—ring and let S C A. The C*°—ring of fractions
of A with respect to S is a pair (A{S™1},ns: A — A{S™1}) where A{S71} is
a C®—ring and ng : A — A{S™1} is a C*°—homomorphism such that:

(i) (V8 € A{S™'})(Fe € A)(Fd € A)((ns(c) € (A{S™1}H)*)&(B - ns(c) =
ns(d)));

(i) (Va € A)(ns(a) =0— (3ce A)ns(c) € (A{STH}H)*)(a c=0)).

Moreover, given any C*°—ring B and any C°*°—homomorphism ¢ : A — B
such that the pair (B,y : A — B) satisfies (i) and (ii), then it can be shown
that it is isomorphic to the C*°—ring of fractions, (A{S™1},ns : A — A{S™1}).
Sometimes, when it must be stressed of which C*°—ring we are inverting a
subset, we write n5 : A — A{S™!} instead of just ng: A — A{S™!}.

We introduce the C*°—analog of the (algebraic) concept of saturation of a
multiplicative subset of a ring in the following:

Definition 3.2 Let A be a C*®—ring and let S C A. The C*°—saturation of
S is given by:
5 = AL Y]

where A{S™'} and ns : A — A{S™'} were given in Definition 3.1

Notation: In virtue of Definition 3.1, given any 3 € A{S~!}, there are
b€ Aand c € S such that 8- ns(c) = ns(d), so we write § = Zigf)
For typographical reasons, whenever S = {a} C A, we also write 4, to denote

A{a™.

Combining these concepts, we are able to describe the co-covering families
of the smooth Zariski Grothendieck (pre)topology.

Let C be (some) skeleton of C**Rngy,. We first define the smooth Groth-
endieck-Zariski pretopology on C°P.

Convention: We say that a covering family of A, {g; : B = Alj € J} €
Cov (A) (or a co-covering family of coCov (A4)) is generated by a family of
C*°—homomorphisms F = {f; : A; — Ali € I} if, and only if {g; : B; —
Al|j € J} consists of all the C°*°—homomorphism with codomain A which are
isomorphic (in the comma category C**Rngyg, | A) to some element of F. We
shall denote it by:

{g5: Bj = Alj e J} ={fi: Ai = Ali € I}) = (F)
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The covering families, in our case, will be “generated” by the dual (oppo-
site) of the co-covering families defined as follows:

Let:
coCov : Obj(C*Rngg,) — p(p(Mor(C*Rngy,)))
A > coCov (A)
For every n—tuple of elements of A, (a1, -+ ,a,) € AXAX--- XA, n€eN,
such that (aj,as, -+ ,a,) = A, a family of C>**~homomorphisms k; : A — B;
such that:

(i) For every i € {1,---,n}, ki(a;) € B;’™;

(ii) For every i € {1,---,n}, if ki(a) = 0 for some a € A, there is some
s; € {a;}°°7% such that a - s; = 0;

(iii) For every b € B; there are ¢ € {a;}*°75 and d € A such that b k;(c) =
ki(d);

will be a co-covering family of the C*°—ring A, that is:

coCov (A) = {.7'— - UBecob;j (C)HomC"oRngfp (A,B)‘]: =
={ki: A— Bi|(n e N)&(i € {1,--- ,n})&k; satisfies (i), (ii) and (iii) }}

In other words,

coCov (A4) =
= {F C Upcon ) Homes_rng, [F = (e, : A = A{a; i € {1, ,n})}

In terms of diagrams, the “generators” of the co-covering families are
given by the following arrows:

Afa; ™1} Afas™1} Afat Ala,~1}

n—1

Given a finitely presented C*°—ring, a covering family for A in C* —
Rng%3 is given by:

Cov(A)={fP:B— A|(f: A— B) € coCov (A)}

The following technical result is used in the sequel:
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Proposition 3.3 Let A be a C®°—ring and let a € A and B € A{a™1}. Since
B = n(b)/nl(c) for some b € A and ¢ € {a}®75%, then there is a unique
C>®—isomorphism of A-algebras:

Oy (Ala DI = A{(a- b)Y}

Le., Oy : (A{la™*){B71} = A{(a-b)'} is a C®—rings isomorphism such
that the following diagram commutes:

Aa

A" Al — " (Al
\ iOab
Affa-b)}

that is, (12, : A = A{(a-b)7'}) = (nf* ot + A — (A{a™'H{B7'}) in
A ] C*Rngy,. Hence:

({nas : A — A{(ab) " }a,b € A}) = ({ngona : A = (A{a ' H{B ™ Ha,b € A}).

Proposition 3.4 Let A and B be two C*®—rings and S C A and f: A— B a
C*°—homomorphism. By the universal property of ns : A — A{S™1} we have a
unique C*°—homomorphism fs : A{S™'} — B{f[S]~'} such that the following
square commutes:

A s oA{s1)
f iﬂlfs
~1
B B{f[s])
The diagram.:
B
(s
B{f[S]™'}
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s a pushout of the diagram:

B
/
A
x
A{S‘l}
Remark 3.5 Note that if A is a finitely presented C*°-ring, i.e. A = ﬁ’
1, Jk
and b € A, then A{b~'} is a finitely presented C*®-ring:
00 n+1
aptyx Al o C*(R")
(bx_l) <f107r17”'7fkoﬂ-17(bx_1)o772>
Remark 3.6 Note that if A is a finitely presented C*°-ring, i.e. A = ﬁ,
1, s Jk

and b € A, then A{b~'} is a finitely presented C*®-ring:

Ay = Al C (R

(b.’L’—l) <f107['1,‘--,fkoﬂ'l,(b.fc—l)oﬂ'2>

Definition 3.7 Let A be a C*°—ring and let I C A be an ideal. The C*°—radical
ideal of I is given by:

%:{aem (‘?) {a+11}§0}

Definition 3.8 Given a C*°—ring A, the smooth Zariski spectrum of A is given
by the set:

Spec™(A) = {p € Spec (A)| ¥/p = p}
together with the topology generated by the following sub-basic sets:

D>(a) = {p € Spec™(A)[a & p}
for each a € A.

Proposition 3.9 Let A be a C*—ring. A family {a1,--- ,a,} C A is such
that ({a1,--- ,an}) = A if, and only if:

Spec™(A) = U D*>(a;)
i=1
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Proposition 3.10 Cov is a Grothendieck pretopology on COORng?If.

Proof. Let A be any finitely presented C°°—ring.

Isomorphism axiom:
Whenever % : A" — A is a C*°—isomorphism, the family {¢°P : A’ — A} €
Cov (A).

Note that ¢°P : A’ — A is a C°°—isomorphism in COORng‘f)g if, and only if
¢ : A— A'is a C*°—isomorphism in C**Rngg,. Thus, we are going to show
that if p : A — A’ is a C*°—isomorphism, then {¢ : A — A’} € coCov (A).

Indeed, 14 € A is such that (14) = A, so the one element family {7, :
A — A{147 11} € coCov (A).

Since ¢ : A — A’ is a C*°—isomorphism, ¢ is, in particular, a C>*°—homomor-
phism, and we have, for every s € {14}°7% = A% (s) € A'*. Also, if
p(a) = 04 for some a € A, since kerp = {04} (for ¢ is injective), a = 04,
so for every s; € {14/}°°7% (in particular, there is some such s;) one has
a- S; = OA.

Finally, given any a’ € A’, since ¢ is surjective, there is some element a € A

a

such that p(a) = a’. Since 14 € {14/}°°7%" and a = 1, we have:

a' = p(a) - p(1a) "

Since ¢ : A — A’ satisfies (i), (ii) and (iii), the one-element family {¢ :
A — A’} co-covers A, so {p°P : A" — A} € Cov (A).

Stability axiom:
Now we are going to show that our definition of Cov is stable under pullbacks,
that is:
If (a1, -+ ,an) € AX Ax---x Ais an—tuple such that (aq,---,a,) = A and
{na? + A{a; '} — A}i1... n generates a covering family for A, then given a
C>°—rings homomorphism g : A — B, since 1(4,)0g is such that (n,(,,y09)(a;) €
B{g(a;)71}*, by the universal property of 1y, : A — A{a; "'} there is a unique
C°°—homomorphism:

g Alai'}y — B{g(a)™'}
such that the following diagram commutes:

Na;

A A{ai_l}

g lg’

N—1
BWB{Q(%) }
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By Proposition 3.4, the diagram above is a pushout, so

_ ( (%‘))Op
B{g(a;)~'} = B
glopl gop
A iil A
{a } (nai)op

is a pullback in COORng?;’ .

In order to show that the family {(1y(4,))°" : B{g(a;) ™'} = Bli=1,--- ,n}
belongs to Cov (B), it suffices to show that {1y, : B = B{g(a;) '}|i =
1,---,n} belongs to coCov (B).

Since ay, - - ,ay are such that (aj,--- ,a,) = A, there are some A\j,--- , A\, €
A such that:

n
1A :Z)\i~ai
=1

Since g : A — B is a C°*°—homomorphism, we have:

1p=g(1a) =Y g(\) - g(a),
=1

thus (g(a1), -+ ,g(an)) = B. Also, since for every i = 1, ,n, 1y, :
B — B{g(a;)~'} is a C>®°—ring of fractions, it follows that {nyq,) : B —
B{g(a;)"'}|i =1, ,n} € coCov (B), hence:

{(ng(ai))op : B{g(ai)*l} — B|7, =1,--- 7n} c Cov (B)

Transitivity axiom:
If {n! + A — A{a;"'}|i = 1,--- ,n} generates a co-covering family of A and
for each 1, {77?; : Afa; 7} — (A{afl}){ﬂi;l}\j € {1,---,n;}} generates a
co-covering family of A{a; "'}, then:

(s ond - A= (Ala DB € {1, )& € {1, mi}}

generates a co-covering family of A.

To show that the transitive axiom holds we will need the following technical
result on “Smooth Commutative Algebra’”:

If for each i < n and each B;; € A{a; '}, j < n;, we write 3ij = 0a(bij)/Na(cij),
with ¢;; € {a;}°°7, then by Proposition 3.3, to show that:
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(™ om : A (A DB i € {1, n}ej € {1, mi})

23

generates a co-covering family of A amounts to show that:

(= A = Aai - big) Y € {1, ))& € {1, ni})}
does.
By hypothesis, {na" : A{a;~'} — Ali € {1,---,n}}} generates a covering
family of A, so:
1a € (a, -+, an)

or, equivalently:

Spec™ (A) = U D% (a;)
Since for every i € {1,--- ,n} we have a canonical homeomorphism:
¢: Spec™ (A{a;"'}) — D>®(a;)
p = g, [p]

Also by hypothesis, for any i € {1,---,n}, {(n{ibij)(’p  Afa; b7} —
Ala;71}j € {1,--+ ,n;}} generates a covering family of A{a; 1}, so:

Spec™ A{az UDA{a 1 (Bij) = UDA a;) N DY (bij) UDA a;-bij)
7j=1

Putting all together we obtain:

n ng

Spec™ (A) = | J DY (a;) ~ | J Spec™ (A{a; ') = [ | | DF (ai - bij)
=1 =1

i=1 \j=1
thus,
Spec™ (A) = | J DX (a; - bij)
ﬂlﬁggz

but this is equivalent to
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1a € ({ai by i <n,j<mn;})

and the transitivity is proved.
Thus, Cov defines a Grothendieck pretopology on C”Rng?g . We have:

Jeov 1 Obj (C*Rngg,) — p(p(Mor (C*Rngg,)))
given by:

P
JCov (A) = {S - UBGObj (C"O—Rnng)HomC‘x’Rngfp (B, A)|S € Cov (A)}

turning (C**Rngg’, Jeoy) into a small site - the so called smooth Zariski site.
[ |
Proposition 3.11 Let I be a finite set (say I = {1,--- ,n}) and let { A{a; '} o
Ali € I} be a Jooy-covering of A in C*Rngg,°P, then the diagram below is an
equalizer in the category of C*°-rings:

(E)

A= ] Aty = T Afasa)™)
i€l i€l

Proof. By hypothesis, A = ({a;|i € I}), or equivalently, Spec®™(A) =
D>(1) = Uses D> ().

Since the affine C*°-locally ringed space of A, 3 4, is in particular a sheaf of
C*°-rings, then the diagram below is an equalizer in the category of C*°-rings.

Sa(D>(1)) — [[La(D®(a)) 2 [] £a(D>(as) N D*(ay))
iel i,j7€1

As D% (a;)ND>®(aj) = D*®(a;.a;) and ¥ 4(D>(b)) = A{b~1}, we have that
the diagram of C*°-rings below is an equalizer
AS AN S [T Ay = T Al gy
icl ijel
and this finishes the proof. [ |
We define the smooth Grothendieck-Zariski topos, that we denote by
Z°_ as the topos of sheaves over the smooth Zariski site:
Z%° = Sh (C, Joov),

where C is a skeleton of the category of all finitely presented C*°—rings, C**Rngy |, .
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Remark 3.12 The forgetfull functor O : C*Rngg, — Sets is called the
structure sheaf of the Grothendieck-Zariski smooth topos.

This is actually a sheaf of sets since if {na, : A — Afa;'}i < n} is a
smooth Zariski co-covering (i.e. A= ({a1,--+ ,an})), then the diagram of sets
below must be an equalizer,

A=Al = ] Al(aia)™3

iel ijel

since it is indeed an equalizer of C*°-rings and the forgetfull functor C°Rng —
Sets preserves limits.

Proposition 3.13 The following rectangle is a pushout:

S : A{a; 7'}
W e
NG

A{a; ™"} A{(ai - a;) ™"}

Theorem 3.14 The smooth Grothendieck-Zariski topology Jooy on Z°° is sub-
canonical, that is, for every finitely presented C*°—ring B, the representable
functor:

Homg (e, B) : cor Set
A

Home (A, B)
(A —T~4,) = (Home (As, B) —% Home (A1, B))

—
—

is a sheaf (of sets).

Proof. Let I be a finite set (lets say I = {1,---,n}) and let {A{a; '} !
Ali € T} be a Z*°-covering of A in C.

Recall, from Proposition 3.13, that for every ¢,j € I, the following rect-
angle is a pushout in C*Rng:

A= . A{ai_l}

Afa;7}

We must prove that:
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()
C(4,B) = [[c(A{a; '}, B) = [ c(A{(aia;)'}, B)
icl igel
is an equalizer diagram of sets and functions.
Since € = C*°Rngg,°P, this amounts to prove that

(IT)

COORngfp(Ba A) - HCOORngfp(B7A{ai_1}) = H CooRngfp(Ba A{(aza])il})
iel 1,5€1

is an equalizer diagram of sets and functions.
As Hom functors preserve products, the diagram (II) is isomorphic to
(III)

COORngfp(Ba A) - COORngfp(Bv HA{CL;l}) = COORngfp(Bv H A{(ai‘aj)_l})
i€l i,j5€1

But this is an equalizer diagram of sets and functions since the Hom functor
C*Rngg,(B, —) preserves equalizers and the diagram
(E)

A=Ay = ] Af(aiap)™)
icl ijel

is an equalizer in the category of C*°-rings, by Proposition 3.11.

Thus the Grothendieck topology Jcoy of the smooth Zariski site is sub-
canonical. |

Now we show that the topos of sheaves on the smooth Zariski site, that
we have just described, is the classifying topos of the theory of the C°°—local
rings.

In order to define a “local C*°—ring object” in a topos, we use - as moti-
vation - the Mitchell-Bénabou language. We define a local C*°—ring object in
a topos £ as follows: it is a C*°—ring object R in &£ such that the (geometric)
formula:

(Vae R)((Ibe R)(a-b=1)v (e R)((1—a) b=1))

is valid.
By definition, this means that the union of the subobjects:

{aeR|FbeR(a-b=1)} — R,
{aeR|FbeR(1-a)-b=1)} - R
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of R is all of R. Equivalently, consider the two subobjects of the product R x R
defined by:
U={(a,b) e RxRla-b=1}— RXR ()
V={(a,b)c RxR|(l1-a)-b=1} - Rx R

The C*°—ring object R is local if, and only if, the two composites U »—
RxRB Rand V — Rx RS R form an epimorphic family in &.

In Section 2, we have observed that there is an equivalence between
C*°—ring objects R in a topos £ and left exact functors, COORng?;) — &. Ex-
plicitly, given such a left-exact functor F', the corresponding C*°—ring object
R in £ is F(C*®(R)). Conversely, given a C*°—ring R in &, the corresponding
functor:

R : COORng(f)g; — &

o0 RTL
sends the finitely presented C*°—ring A = <C()> to the following equal-
b1, - Pk
izer in &:
Or(A) o Br LI R (10)
(07... ,0)

This description readily yields the corresponding definition of ¢z on arrows.
The following lemma gives a condition for a C*°—ring R in a topos £ to be
local, phrased in terms of this corresponding functor ¢g.

Lemma 3.15 Let £ be a topos, R be a C*—ring object in £, and let ¢g :
C*®Rng® — & be the corresponding left exact functor. The following are
equivalent:

(i) R is a local C*®°—ring in &;

(ii) ¢r sends the pair of arrows in the category C*°Rngyg,:

C>(R)

T

Ce(R){zy} COR){z1—r}
(Tf - tecom)(f) — 1) (T1-f - teeomy(1 = f) = 1)

to an epimorphic family of two arrows in &;
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(iii) For any finitely presented C*°—ring A and any elements ay,--- , a, such
that (a1,--- ,an) = A, ¢r sends the family of arrows in C**Rngg,:

{A_) A{a;l}h = 17 7n}
to an epimorphic family {¢pr(A{a;~'}) = ¢r(A)i=1,--- ,n} in&.

Proof. Ad (i) <= (ii): This follows immediately from the explicit descrip-
tion of the functor ¢r. Let

ey
A= i) 1)

and
Co(R){@1—r}

(T1-f - teomy(1 = f) = 1)

B =
Note that:
or(A) ={(a,b) e Rx Rla-b=1}

Ce(R){zy}
(g 1eomy(f) — 1)

To wit, ¢r sends A = to the equalizer:

xfieoom)(f)

R xR R

or (A)

and ¢g sends B to:

1o!

@1 fteoe(r)(1=1)

¢R (B) RX R 10! R

The arrow C*°(R) — A is mapped into the composite o : ¢r(A) — R given
by ¢r(A) — R x R R, and the arrow C*°(R) — B, is mapped into the
composite 3 : ¢pr(B) — R, given by ¢r(B) — R x R R.

By the definition of a local C*°—ring, (i) is equivalent to (ii).

Ad (ii) = (2): is also clear, since (ii) is the special case of (iii) in which
A=C>®R) whilen=2,a; = fand ag =1— f.

Ad (ii) = (iii): Assume that (ii) hlds, and suppose given a finitely pre-
sented C*°—ring A and elements a,--- ,a, € A with > ; a; = 1. This result

is proved using induction. We are going to prove the:

Case n = 2.
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C(R){xys}

In this case ag = 1—a;. We form the pushouts of C*(R) —

COR){z1—s}
(T1-f teom(1—f) = 1)

(g tcoom)(f) — 1)
along the map C*°(R) — A sending

and C*(R) —

idg to a1, as in:

C®(R){z1_;} - Ce(R){zys}
(T1y ey (1 = f) — 1) C [R) (g 1o (f) — 1)
A{(1—a;)"1} A Afa; ™1}

giving the indicated C*°—rings of fractions A{(1 — a1)~'} or A{a;~'}. These
squares are pullbacks in COORng‘f)f)) , hence they are sent by the left-exact functor
¢r to pullbacks in &, as in:

COR){z1—s} ™ ™ Ce(R){zs}
gbR<<901—f'00c><>(]1@)(1—f)—1>> ¥ ¢R<<$f'bcw(m)(f)—1>>

| T

or(A{(1 —a1)™'}) ¢r(A{ar™'})
But by assumption

C(R){z1_ s}
on (<x1f e (L f) 1>> - h

dr(A)

and

o
or ( Co(R){zs} ) R
(g tewom)(f) — 1)
form an epimorphic family in £, and hence so does the pullback of this family.
This proves (iii) for the case n = 2.
The general case follows by induction. For instance, if n = 3 and a1 4+ a2 +
az = 1, let 3 € A{(az + a3)~ '} such that B.n(az) + B.n(a3) = 1. Then, again
by the case n = 2, ¢ sends the three arrows in C**Rngg,

A— A{al_l}

A — Afay'} = A{(ag + a3) " H(Bnlaz)) '}
A — A{az'} — A{(ag + a3) " H(Bn(az)) '}
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to an epimorphic family in £. Thus ¢g also sends the family of canonical ar-
rows {A — A{a;l} :1=1,2,3} to an epimorphic family in £. [ |

Theorem 3.16 The smooth Grothendieck-Zariski topos Z°° = Sh (C°P, Jcoy ),
18 a classifying topos for local C*°—rings, i.e., for any co-complete topos &,
there is an equivalence of categories:

Geom (€, 2°°) ~ C*LocRng (€) (11)

where C*LocRng (£) is the category of local C*°—ring-objects in E.
The universal local C*°—ring is the structure sheaf O of the Grothendieck-
Zariski smooth topos (see Remark 3.12).

Proof. As a special case of the results on classifying topoi presented in the
Section 1, there is an equivalence between Geom (£, Z°°) and the category of
continuous left-exact functors from C*Rngy, to &.

This category is equivalent to the full subcategory C**LocRng (£) consist-
ing of local C*°—rings.

The identification of the universal local C*°—ring is the object of Z*° rep-
resented by the object C*°(R) of the Grothendieck Zariski smooth site, this is
precisely the structure sheaf (= forgetful functor) O : C**Rngg, — Sets. W

4 A Classifying Topos for the Theory of the von
Neumann-regular C*—rings

A wvon Neumann regular C*°—ring is a C>°—ring A such that one of the (fol-
lowing) equivalent conditions hold:

(i) (Vae€ A)(3x € A)(a = a’z);
(ii) Every principal ideal of A is generated by an idempotent element, i.e.,

(Va € A)(Fe € A)(Fy € A)(3z € A)((* = e)&(ey = a)&(az = ¢€))

(iii) (Va € A)(3 € A)((a = a®b)&(b = b%a))

For a proof of this result in the setting of usual commutative rings, see, for
instance, [1].

Whenever A is a C*°—reduced (i.e., ¥/(04) = (04)) von Neumann regular
C>°—ring, Spec™(A) is a Boolean space. In an upcoming paper ([5]) we show
that part of the converse is true: for a fixed C>°—field, given any Boolean space
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(X, 7), there is some C*°—reduced von Neumann regular C*°—ring, Rx such
that Spec™(Rx) ~ X.

Now we turn to the problem of constructing a classifying topos for this
C*—rings. As defined above, a von Neumann-regular C*°—ring is a C*°—rings
(A, ®) in which the first-order formula:

(Ve € A)(Aly € A)((zyz = 2)&(yzy = y)) (12)

holds. Denoting by ¢(z,v) := ((zyr = z)&(yry = y)), we note that the
formula:

(Ve e A)3ly € A)p(z,y)

defines a functional relation from A to A, so we can define an unary functional
symbol.

Let Tyn be the theory of the von Neumann-regular C*—rings in the lan-
guage L described at the beginning of the first section of the first chapter. We
can define the unary functional symbol * by means of the formula (12):

x: A — A
r = ys.t o(z,y)

in order to obtain a richer language, namely ' = L U {x}.

Remark 4.1 (a) Note that in every von Neumann-regular C*°—ring V', since
x*xx* = x* holds for every x € V', then 0" = 0.
(b) If F is a C*°—field, thus a von Neumann-regular C*°—ring, so

F o

Since xx*x = x holds for every x € F, then if x # 0, we must have

(¢) In fact, the unary function x does not belong to the language L.
We have seen that C°(R") = R, together with its canonical C*°—structure
®, is a C*®°—field, thus a von Neumann-regular C*°—ring, so

R Eo.

Now, the function:

x: R — R
1
- 1 0
o A W F
0, otherwise.
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is defined by o. However, there is no (continuous, and thus) smooth function
f:R — R such that
(Ve € R)(z* = f(x)),
that is,
(Vf € CP(R,R))(2(f) # *)

so x is not a symbol of the original language of C*°—rings.
Remark 4.2 Let T be the a theory in the language L' = LU{x}, that contains:
e the (equational) L-axioms for of C*°—rings;

e the (equational) L'-aziom
o= (Vz)((zz*r = z)&(z"za™ = z¥))

that is, T := TU{o}. By the Theorem of Extension by Definition (cf.
Corollary 4.4.7 of [9]), we know that T' is conservative extension of T.

Remark 4.3 (a) Since p(z,y) is a conjunction of two equations, the von
Neumann-reqular C°°—homomorphisms preserve *, i.e.,

(Vz € R)(h(z") = h(z)")

whenever (A, ®) and (B, V) are von Neumann-regular C>°—rings and h :
(A, ®) — (B,V¥) is a von Neumann-regular C>°—homomorphism.
(b) Since the L-class of von Neumann-regular C*°—rings is closed under quo-
tients by C*-congruences and C*°-congruences are classified by ideals, it follows
from the item (a) that for each von Neumann-regular C*°—ring V' and any ideal
I CV, then z* —y* € I whenever z —y € I.

Definition 4.4 A finitely presented von Neumann reqular C*°—ring is a von
Neumann-regular C*°—ring (V, ®) such that there is a finite set X and an ideal
I C L(X) = vN (C®(R¥)) with:

VN (C=(RY))

v I

12

Remark 4.5 (V,®) is a finitely presented von Neumann-regular C*°—ring if,
and only if the representable functor:

HomgcooyNRng(V; @) : C°vNRng — Set
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preserves all directed colimits. That is to say that for every directed system
of von Neumann-regqular C*°—rings {(Vi, ®;),vij + (Vi, ®;) — (Vj, @) }ijer we
have

HomeoovNRng (V; lim V;) = lim Homeeeynrng (V; Vi),
i€l el

(cf. Proposition 3.8.14 of [6])

Consider the category whose objects are all finitely presented von Neumann
regular C*°—ring and whose morphisms are the C°°—homomorphisms between
them, and denote it by C**vINRng; , .

Remark 4.6 We have:
Obj (C*Rngy,) N Obj (C**vINRng) C C*vNRngy,.

Thus, keeping in mind the remarks above, and following the same line of
the developments made in the section 2 we obtain:

Theorem 4.7 The category
COOVNRng?;’

18 a category with finite limits freely generated by the von Neumann regular
C>®—ring vN(C>*(R)), i.e., for any category with finite limits C, the evaluation
of a left-exact functor F : COOVNRIlg?;) — C at vN (C**(R)) yields the following
equivalence of categories:

eVyN(C=(R)) * Lex(CoovNRng(f)II:,C) — C* — vNNRng (C)
F —  F(WN(C*R)))

Combining the results presented in this section and the one stated in the
section 1 on classifying topoi, we obtain the following:

Theorem 4.8 The presheaf topos SetsC™ VNR8w s ¢ classifying topos for von
Neumann regular C*°—rings, and the universal von Neumann reqular C*°—ring
R is the von Neumann reqular C*°—ring object in Sets®™ ~VNRD8w given by the
inclusion functor from C**vINRngy, to C**vNRng. Thus, for any Grothendieck
topos &€ there is an equivalence of categories, natural in &:

Ceom (£, Sets VNRngw) . C°yNRng (£)
f = f*(R)
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5 Final remarks and future works

We have described classifying toposes for three theories: the theory of C*°—rings
and the theories of local and of von Neumann regular C*°—rings. In [15], L.
Moerdijk, N. van Qué and G. Reyes present the classifying topos for the (ge-
ometric) theory of Archimedean C*>°—rings. This reinforce the following ques-
tions:

e Are there other sensible descriptions of classifying toposes for other dis-
tinguished classes of C*°—rings?

e In particular, is there a nice description of the theory of von Neumann
regular C*°—rings in the language of C*°—rings (without the need for the
new symbol for the “quasi-inverse”)?

In the paper (under preparation) [5], we use von Neumann regular C*° —rings
in order to classify Boolean algebras. We show that a von Neumann regular
C*°—ring is isomorphic to the C*°—ring of global sections of the structure sheaf
of its affine C*°—scheme. Such results motivate us to look for similar characteri-
zations for some distinguished classes of C*°—rings in terms of its C*° —spectrum
topology.
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