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Abstract

In 2000, Figallo and Sanza introduced the n x m—valued Lukasiewicz-Moisil
algebras, which are a particular case of Matrix Lukasiewicz algebras, and a non-
trivial generalization of n—valued Lukasiewicz-Moisil algebras. Here we start
a research on the class of n x m—valued Lukasiewicz-Moisil algebras endowed
with two modal operators (or 2mLM,, ., —algebras). These algebras constitute a
common generalization of both weak-tense Boolean algebras and weak-tense n-
valued Lukasiewicz-Mosil algebras. Our most important result is a representation
theorem for 2mLM,, «,,—algebras. In addition, as a corollary to the previous
theorem, we obtain the representation theorem given by Chirita in 2012 for weak-
tense n—valued Lukasiewicz-Moisil algebras.
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Introduction

In 1975, Suchon ([24]) introduced the Matrix Lukasiewicz algebras as an algebraic
version of a certain modal logic more general than the n—valued Moisil logic [24].

In 2000, Figallo and Sanza introduced the n x m—valued Lukasiewicz-Moisil algebras
([20, 23, 22, 16, 17],which are a particular case of Matrix Lukasiewicz algebras and a
non-trivial generalization of n—valued Lukasiewicz-Moisil algebras ([1]).

In 2007, Diaconescu and Georgescu, in their important work [8], started the algebraic
study of the tense n—valued Moisil logic and introduced the tense MV-algebras as
well. These two classes of algebras have aroused several authors interest lately (See
[4, 5, 6, 7, 19, 3, 2, 12]). Chirita, in particular, in [4, 5], introduced tense #—valued
Lukasiewicz—Moisil algebras and proved an important representation theorem which
allowed the completeness of the tense #—valued Moisil logic to be shown (See [4]).
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In [8], Diaconescu and Georgescu formulated an open problem about the represen-
tation of tense MV-algebras. This problem was solved in [19, 3] for semisimple tense
MV-algebras. Also, in [2],tense basic algebras were studied, which are an interesting
generalization of tense MV-algebras.

Following the ideas of Diaconescu y Georgescu, we have considered tense operators
in several contexts since 2008. For more details the reader is referred to [9, 10, 11, 12,
13, 14, 15].

In 1979, Georgescu [18] introduced and investigated operators more general than
tense operators, which he called weak-tense operators [18].

Recently, in [7], Chiritd considered weak-tense operators on 6#—valued
Lukasiewicz-Moisil algebras.

We can observe that in [6] a change was introduced by which weak-tense operators
are named tense operators. In our opinion, this change is inadequate considering that
weak-tense operators are not good models of tense logics. More precisely, the pair of
weak-tense operators can be considered as a pair of modal operators without links with
each other. However, it is possible to define tense operators taking into account weak
tense operators, which is necessary for the algebraic version of the logic being studied.
Besides, weak-tense n—valued Lukasiewicz-Moisil algebras were also studied in [7].

In this paper we consider and investigate the n x m— valued Lukasiewicz-Moisil
algebras endowed with two modal operators. These algebras constitute a common
generalization of weak tense Boolean algebras and weak tense n—valued Lukasiewicz-
Moisil algebras. In other results we prove a representation theorem for the n x m—
valued Lukasiewicz-Moisil with modal operators. We also obtain the representation
theorem given by Chirita in [7] for weak-tense n—valued Lukasiewicz-Moisil algebras as
a corollary to the previous theorem.

1 Preliminaries

1.1 Weak-tense Boolean algebras

In this subsection we will recall some basic definitions and results on the representation
of weak-tense Boolean algebras [18, 7].

Definition 1.1 A weak-tense Boolean algebra is a triple (B,G,H) such that B =
(B,\,V,—,0p,1p) is a Boolean algebra and G,H : B — B are two unary opera-
tions on B such that, for all x,y € B:

1. G(lB) == 1B and H(lB) = 13;
2. Gz Ny) =G(x) NG(y) and H(x Ny) = H(x) AN H(y).
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Definition 1.2 Let (B, G, H) be a weak-tense Boolean algebra. We define the opera-
tions F\P: B — B, by F(z) = ~G(—x) and P(x) = -H(—x), for any © € B.

Remark 1.3 Let B = (B,A,V,—,0B,15) be a Boolean algebra. Then
(B,1p,1p) is a weak-tense Boolean algebra, denoted by 1g, the function 15 : B — B,
1p(z) = 1p, for all x € B.

Definition 1.4 A weak-frame is a triple (X, R,Q), where X is a nonempty set and
R, Q) are two binary relations on X.

Let (X, R, Q) be a weak-frame and 2 be the standard Boolean algebra with two
elements. We define the operations G*, H* : 2X — 2% for all p € 2 and = € X:

(G*(p) (=) = \{pw) | y € X, xRy} (1)
(H*(p))(x) = \{pw) | y € X, 2Qu} (2)

Proposition 1.5 For any weak-frame (X, R, Q), (2%, G*, H*) is a weak-tense Boolean
algebra.

In the weak-tense Boolean algebra (2%, G*, H*), the weak-tense operators P* and
F* are given by: for every p € 2% and z € X,

(P*(p)(x) = \/{p(y) | y € X, yRa} (3)
(F*(n))(=) = \/{p(y) | y € X, yQux} (4)

Definition 1.6 Let (B,G,H) and (B',G',H') be two weak-tense Boolean algebras. A
function f : B — B’ is a morphism of weak-tense Boolean algebras if f is a Boolean
morphism and it satisfies the conditions: f(G(x)) = G'(f(z)) and f(H(x)) = H'(f(x)),
for any x € B.

By this definition, it follows that a morphism of weak-tense Boolean algebras com-
mutes with the weak-tense operators F' and P.

We will denote by QJFTB the category of weak-tense Boolean algebras.
Theorem 1.7 For any weak-tense Boolean algebra (B,G, H), there exist a weak-frame

(X, R,Q) and an injective morphism of weak-tense Boolean algebras o : (B,G, H) —
(2%, G*, H*), where operators G* and H* are defined by relations 1 and 2.
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1.2 Weak-tense n-valued Lukasiewicz-Moisil algebras

In this section we will recall some basic definitions and results on the representation of
weak-tense n-valued Lukasiewicz-Moisil algebras (See [7]).

Definition 1.8 A weak-tense n-valued Lukasiewicz-Moisil algebra (or weak-tense LM, —
algebra) is a triple (L, G, H) such that

E - <L7/\7V7N7017‘"70-n70L71L>

is an n-valued Lukasiewicz-Moisil algebra (See [1]) and G, H : L — L are two unary
operations on L such that, for all x,y € L:

1. G(lL) = 1L and H(1L> — 1L;
2. Gz ANy) =G(z) NG(y) and H(z Ny) = H(x) A H(y);
3. G(oi(x)) = 0;(G(z)) and H(oi(x)) = 0;(H(x)), for alli=1,...,n— 1.

Definition 1.9 Let (L,G, H) be a weak-tense LM, ~algebra. We define the operations
F,P:L— L, by F(z) =~ G(~z) and P(z) =~ H(~ x), for any x € L.

Let (X, R, Q) be a weak-frame and L, the chain of n rational fractions L, = {-L |
1 < j <n—1} endowed with the natural lattice structure and the unary operatlons ~

and o; defined as follows: ~ (-1;) = 1— L and 0;(-1;) = 0if i+j <noro;(-1;) = 1

otherwise. . We define the operations G*, H* L, — L% forallpe L, and z € X:

= A\{p(w) |y € X, 2Ry} (5)
= A\ | v € X, 2Qu} (6)

Proposition 1.10 For any weak-frame (X, R, Q), (£x, G, H) is a weak-tense LM, ~
algebra.

In the weak-tense LM,,—algebra (LnX ,G*, H*), the weak-tense operators P* and F*
are given by: for every p € L,X and z € X,

=\/{p(w) |y € X,yRz} (7)

=\{p() |y € X,yQx} (8)
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Definition 1.11 Let (£,G,H) and (L',G',H') be two weak-tense LM,—algebras. A
function f : L — L' is a morphism of weak-tense LM, —algebras if f is an LM, —algebra
morphism and it satisfies the conditions: f(G(x)) = G'(f(x)) and f(H(z)) = H'(f(x)),
for any x € L.

By this definition, it follows that a morphism of weak-tense LM,,—algebras commutes
with the weak-tense operators F' and P.

Now we will recall a representation theorem for weak-tense LM,,—algebras that gen-
eralizes Theorem 1.7.

Theorem 1.12 ([7]) For any weak-tense LM, —algebra (L,G, H), there exist a weak-
frame (X, R, Q) and an injective morphism of weak-tense LM, —algebras

d:(L,G, H) — (L), G* H)

where operators G* and H* are defined as in 5 and 6.

1.3 n x m—valued Lukasiewicz—Moisil algebras

In this section we will recall some basic definitions and results on n x m-—valued
Lukasiewicz—Moisil algebras (See [20, 22, 23, 21, 16, 17]).

Definition 1.13 An n x m—valued Lukasiewicz—Moisil algebra (or LM, y,—algebra), in
which n and m are integers, n > 2, m > 2, is an algebra

[’ = <L> /\7 \/7 {Ul]} (3,7)E(nxm) 0L7 1L>

where (n x m) is the cartesian product {1,...,n — 1} x {1,...,m — 1}, the reduct
(L,\,V,~,0r,11) is a De Morgan algebra and {04} j)cmnxm) 15 a family of unary
operations on L which fulfills the conditions:

C1 045 (:U V y) = 04T \ 0i5Y,

C2

Oi;T < O(i4+1); T,

@)

3

q

ij L < o0; G+1)T,

C5) oi;x = oy for all (i,7) € (n x m) imply v =y,
C6

oV ~ oi;x = 1p,

(C1)
(C2)
(C3)
(C4) 01051 = Opet,
(C5)
(C6)
(C7)

C7) 0ij(~ T) =~ O(ni)(m—)T-
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Let £ = (L,A,V,~,{0i;}(j)e(nxm), 0L, 1) be an LM, ,~algebra. In what follows
we will denote by idy, Op and I the functions id;,Op,I;, : L — L, defined by
idr(x) = x, Op(x) = 0r and I (z) = 1, , respectively, for all x € L.

The results announced here for LM,,,,—algebras will be used throughout the paper.

(LM1) o4;(L) = C(L) for all (i,7) € (n x m), where C(L) is the set of all complemented
elements of L ([20, Proposition 2.5]).

(LM2) Every LM, «o—algebra is isomorphic to an n—valued Lukasiewicz—Moisil algebra.
It is worth noting that LM, ,—algebras constitute a non—trivial generalization of
a n—valued Lukasiewicz—Moisil algebra. (see [22, Remark 2.1]).

(LM3) The class of LM,,«,,—algebras is a variety; two equational bases for it can be found
in [20, Theorem 2.7] and [22, Theorem 4.6].

(LM4) Let £ = (L,\,V,~,{04}Gj)etnxm), O, 1) be an LM, ~algebra. Let X be a
non-empty set and let LX be the set of all functions from X into L. Then L¥ is
an LM, ., —algebra where the operations are defined componentwise (see [21]).

(LM5) Let £ = (L,A,V,~,{04}(i,j)c(nxm), Or, 1) be an LM, ,,~algebra. We say that
L is complete if the lattice (L, A,V,0r,1;) is complete. Also, we say that L is
completely chrysippian if, for every {zs}scs C L such that A x, and \/ z exist,

seS seS
the following properties hold: o;;( A xs) = A 04j(xs) for all (7,7) € (n x m) and
seS seS
oij(V zs) = V oij(xs) for all (i,7) € (n x m) (see [21]).
s€S seS

(LM6) Let C(L) t(™™= {f : (n x m) — C(L) such that for arbitrary i,j if r <
s, then f(r,j) < f(s j) and f(i,7) < f(i,s)}. Then

<C<L) T(nxm)’ AV {Uij}(i,j)e(nxm)a 07 I>

is an LM, ., algebra where for all f € C(L) 1™ and (i,5) € (n x m) the
operations ~ and o;; are defined as follows: (~ f)(¢,7) = = f(n—1i,m— j), where
-z denotes the Boolean complement of x, (0;;f)(r,s) = f(i,j) for all (r,s) €
(n x m) . The remaining operations are defined componentwise ([22, Proposition
3.2]). Tt is worth noting that this result can be generalized by substituting any
Boolean algebra B for C'(L). Furthermore, if B is a complete Boolean algebra, it
is simple to check that B +(™™) is also a complete LM,, ., algebra.

(LMT7) Let £ and £’ be two LM, «,,—algebras. A morphism of LM, ,,—algebras is a
function f : L — L' such that the following properties hold for all =,y € L:

(i) f(0r) =0p and f(1z) = 1p;
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(i) fxVy) = f(z)V f(y) and f(z Ay) = f(z) A fy);
(iil) f(ow(x)) = 0i;(f(x)), for every (i,j) € (n x m);
(iv) f(~z)=~"f(z).

Let us observe that condition (iv) is a direct consequence of (C5), (C7) and the
conditions (i) to (iii).

(LM8) Every LM,,,,,—algebra L can be embedded into C'(L) 1"*™)  ([22, Theorem 3.1]).
Besides, L is isomorphic to C(L) 1™ if and only if L is centered (][22, Corol-
lary 3.1]), L being centered if for each (i, j) € (nxm) there exists ¢;; € L such that

0 ifie>r or j>s
OpsCii = e .
reTh 1 ifi<r and j<s

(LM9) Identifying the set (nx2) withn = {1,...,n—1} , we have that 7y, : L,, — 21"
is an isomorphism which, in this case, is defined by 71, (-47) = f; , where f;(i) = 0
if i +j < mn and f;(¢) = 1 otherwise (see [21]).

1.4 2mLM,,,,-algebras

In this section we introduce 2mLM,,,,—algebras. The notion of
2mLM,, «,,—algebra is obtained by endowing an LM,,«.,,—algebra with two unary opera-
tions G and H, similar to the weak-tense operators on an n—valued Lukasiewicz-Moisil
algebra. Below are the basic definitions and properties.

Definition 1.14 An nxm-valued Lukasiewicz—Moisil algebra with two modal operators
(or 2mLM, ., —algebra) is a triple (L, G, H) such that

L= <L7 A,V ~, {Uij}(i,j)e(nxm)a OL7 1L>

1s an LM, «m-algebra and G, H : L — L are two unary operations on L such that, for
all z,y € L, the following conditions hold:

(T1) G(1p) =1 and H(1p) = 1,
(T2) G(x ANy) =G(x) NG(y) and H(x ANy) = H(z) A H(y),
(T3) G(oij(x)) = 0:;(G(x)) and H(oj(x)) = 0i;(H(x)), for all (i,7) € (n x m).

In what follows, we will indicate the class of 2mLM,,,,-algebras with 2mLM,, «,,
and denote its elements simply by L or (L, G, H) in case we need to specify the modal
operators.
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Remark 1.15

(i) From Definition 1.14 and (LM3) we infer that 2mLM,, ., is a variety and two
equational bases for it can be obtained.

(i) If (L,G,H) is a 2mLM,yxmalgebra, then from (LM1) and (T3) we have that
(C(L),C(G),C(H)) is a weak-tense Boolean algebra, where the unary opera-
tions C(G) : C(L) — C(L) and C(H) : C(L) — C(L), are defined by
C(G) =G |C(L) and C(H) =H ‘C’(L)-

(i) Taking into account (LM2), we infer that every 2mLM,, o—algebra is isomorphic
to a weak-tense n-valued Lukasiewicz-Moisil algebra.

Definition 1.16 Let (L, G, H) be a 2mLM,,.,-algebra. Let us consider, for any x € L,
the unary operations P, F', defined by P(x) =~ H(~ z) and F(z) =~ G(~ x).

Remark 1.17 Let (L,G, H) be a 2mLM, «m-algebra. For allx € L and (i,j) € (nxm),
we have:

(i) P(ojx) = 0i;P(x) and F(o;x) = 0,;F (z),

(ii) If x € C(L), then P(x) =~ H(~ x) = —~H(—x), where —x is the complement of
x € C(L). Similarly, we have that F(x) = =G (—z). Thus, we can consider the
operations C(P) = P |cww), C(F) = F |cw)- It follows that C(P) and C(F) are
the corresponding operations on weak-tense Boolean algebra (C(L), C(G),C(H)).

Now we will indicate a list of properties of the modal operators G, H, P and F' in
a 2mLM,, ,,-algebra.

Proposition 1.18 Let (L,G,H) be a 2mLM,y.,-algebra. The following properties
hold, for all x,y € L :

1. P(0L) =0y and F(0.) =0y,

v <y implies G(z) < G(y) and H(z) < H(y),

v <y implies P(z) < P(y) and F(z) < F(y),

zVy) = Px)V P(y) and F(zVy) = F(z) V F(y),
G(z)V G(y) < Gz Vy) and H(z)V H(y) < H(z V y),

NS v
e

( )
( )
Pz Ay) < P(z) A P(y) and F(z Ny) < F(z) A F(y)
G(zVy) < F(z)VG(y) and H(z Vy) < P(x) vV H(y),
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8. G(x) NF(y) < F(z ANy) and H(x) N P(y) < P(z A\ y).

Proof. Conditions (1)-(8) hold in the weak-tense Boolean algebra
(C(L),C(G),C(H)), so, by (C5), they are available in (£, G, H).
|

Based on the notion of weak-frame, we will give an example of a 2mLM,,,,,-algebra.

Let £ = (L,\,V,~,{04}aj)etmxm), 0L, 1) be a complete and completely chrysip-
pian LM,,«,,-algebra.

Let us consider a weak-frame (X, R, Q). We will define on L* the operations A, V, ~
,0,1 and oy; for all (¢,j) € (n x m) as in (LM4) and the additional unary operations
G* and H* as follows:

(G*(p)(z) = \{p) | y € X, 2Ry} (9)

(H*(p))(z) = \{pw) | y € X, 2Qy} (10)
forallp e LY, x € X.

Proposition 1.19 For any weak-frame (X, R, Q), (L, G*, H*) is a 2mLM,,«,-algebra.

Proof. Since L is an LM,,,,—algebra, then by (LM4) we have that LY is an LM,,x,,—
algebra. Now we will prove that G and H satisfy properties (T1)—(T3) in Definition
1.14. Note that properties (T1) and (T2) have already been proved in the Boolean case.
We will prove only (T3). Let p € LX, z € X and (i,5) € (n x m). Considering that L
is completely chrysippian, we have that: G(o;;(p))(z) = A{oi;(p)(v) | v € X, xRy} =
gii(Mply) | v € X,zRy}) = 0:;(G(p)(z)) = 0:;(G(p))(x). In a similar way we can
prove that H (o1, (p))(x) = 03 (H(p)) ().

|

Remark 1.20 In 2mLM,,-algebra (L, G*, H*) the modal operators P* and F* are
defined in the following way: for any p € LX, v € X,

(P*(p)(z) = \/{p) | y € X, yRa} (11)
(F*(0)(z) = \/{pw) | y € X, yQu} (12)

Definition 1.21 Let (L,G,H) and (L', G', H') be two 2mLM,, x.,—algebras. A function
f: L — L"is a morphism of 2mLM,, «.,—algebras if f is an LM, w,—algebra morphism
and satisfies the conditions: f(G(x)) = G'(f(x)) and f(H(x)) = H'(f(z)), for any
x € L.
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Remark 1.22 Let f: L — L' be a morphism of 2mLM,,w.,-algebras. Then, by (C5),
we can prove that

reC(L) = f(x) e C(L).

According to the previous remark we can consider the function C(f) = f |cw):
C(L) — C(L'). It follows that C'(f) is a morphism of weak-tense Boolean algebras.
We will denote by 2mTLIN, ., the category of 2mLM,,,-algebras. Then, the
assignment L —— C(L), f — C(f) defines a covariant functor C' : 2m&M,, »,,, —
WEB.
2 Representation theorem for 2mLM,,,,,- algebras

In this section we give a representation theorem for 2mLM,,,,—algebras. In order to
prove it we use the representation theorem for weak-tense Boolean algebras.

Let (B, G, H) be a weak-tense Boolean algebra. We consider the set of all increasing
functions in each component from (n x m) to B, that is,

D(B) = BA™™={f: (nx m) — B such that for arbitrary i, j,
if r <s, then f(r,j) < f(s,7) and f(i,r) < f(7,9)}.
We define the unary operations D(G) and D(H) on D(B) by:
D(G)(f) = Go f and D(H)(f) = Ho f for all f € D(L).

The following result is necessary for the proof of Theorem 2.9.

Lemma 2.1 If (B,G, H) is a weak-tense Boolean algebra then
(D(B), D(G), D(H))

18 a 2mLM, ., —algebra.

Proof. By (LM6), D(B) is an LM,,x,,—algebra. We will prove that D(G) and D(H)
verify (T1)—(T3) in Definition 1.14.
(T1): Let f € D(B) and (i,7) € (n x m). Then D(G)(1pwm))(t,j) = (G

(¢]

L)) (i, §) = G(1pw)(i,j) = G(1p) = 1p ; hence, D(G)(1p(s)) = 1p)-
(T2): Let f,g € D(B) and (i,j) € (n x m). We have that: D(G)(f A g)(i,j) =
(Go(fAg)ig) = GIFA9,J)) = Gf,7) Agli,7) = GF@E7) A Gy(i, )

A g)(i j) =
(Go f)(i, )N (GOQ) ):D(G)(f)(w) D(G)(9)(i,5) = (D(G)()) ND(G)(9)) (i, ),

so D(G)(fNg) =

/\/‘\
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(T3): Let f € D(B) and (i,5),(r,s) € (n x m). Then D(G)(o.s(f)(i,7)) =
(G o (ovsf))(4, ) = G((0,s/)(i,7)) = Gf(r,s) = (Go f)(r,s) = D( =

ors(D(G)(f))(0,7), s0 D(G)(0r5) = 0,5(D(G))- .

Definition 2.2 Let (B,G, H), (B',G, H) be two weak-tense Boolean algebras, f : B —»
B’ a weak-tense Boolean morphism and D(B) and D(B') the corresponding 2mL M,y —
algebras. We will extend the function f to a function D(f) : D(B) — D(B’) in the
following way: D(f)(u) = f ou, for every u € D(B).

Lemma 2.3 The function D(f) : D(B) — D(B’) is a morphism of 2mLM, ., —
algebras.

Proof. Since f is a Boolean morphism, it is easy to prove that D(f) is a bounded
lattice homomorphism. Let u € D(B) and (i, 7), (r,s) € (n x m). Then, we have that

D(f)(orsu)(i,j) = f((orsu)(i, J)) = f(u(r, s))

and o,.s(D(f)(uw))(i,7) = D(f)(u)(r,s) = f(u(r,s)). It follows that D(f) o 0,5 = 0,5 ©
D(f). Besides,

D(f)(D(G)u)(r,s) = (f o (D(G)u))(r,s) = fF((D(G)u)(r, s). u
Lemma 2.4 If f: B — B’ is an injective morphism of weak-tense Boolean algebras
then D(f) : D(B) — D(B’) is an injective morphism of 2mLM, ., —algebras.

Proof. By Lemma 2.3, it remains to prove that D(f) is injective. Let u,v € D(B)
such that D(f)(u) = D(f)(v), then f(u(i,j)) = f(v(i,7)) for all (i,j) € (n x m). Since
f is injective, we have that u(i, ) = v(,7) , for all (¢, j) € (n x m); therefore, u = v. B

Definition 2.5 Let (L,G,H) be a 2mLM, y,—algebra. We consider the function T,
L — D(C(L)), defined by
7(2)(6, 7) = 04(2)
forallz € L, (i,7) € (n x m).
Lemma 2.6 7, is an injective morphism in 2mLM,, ., .

Proof.  Taking into account [22, Theorem 3.1|, the mapping 77, : L — D(C(L))
is a one-to-one LM,y ,,—morphism. Besides, from (T3) it is simple to check that 7,
commutes with the modal operators G and H. ]
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Definition 2.7 Let (X, R, Q) be a weak-frame and (2%,G, H) the weak-tense Boolean
algebra of Proposition 1.5. We consider the function

B:(D(2%), D(G),D(H)) — (D(2)",G', H')

. defined by: B(f)(x)(i,5) = f(i,j)(z) for all f € D(2%), v € X, (i,j) € (n x m
where G' and H' are defined by: G'(p)(x) = N{ply) | v € X,zRy} and H'(p)(z) =

Np(y) |y € X, 2Qy}.

Lemma 2.8 (3 is an isomorphism of 2mLM, x,,—algebras.

Proof. It is easy to see that 3 is an injective morphism of LM,,,,—algebras. It
remains to prove that $ commutes with the modal operators.

Let f € D(2¥), z € X and (i,5) € (n x m). We have:

(a) BD(G)(N))(@)(E,5) = DG)(f)i,5)(x) = G(f(6,5)(x) = MW |y e
X, xRy}.

(b) G'(B()) (@), 5) = MBHW)(E,7) |y € X, xRy} = N{f(i,7)(y) | v € X, 2Ry}

By (a) and (b), we obtain that B(D(G)(f)(x)(i,j) = G'(B()(@)(i,7), s0 Bo
D(G) = G' o . We define the function v : D(2)* — D(2%) by: ~(9)(i,7)(z) =
g(z)(i,7), for all g € D(2)X, x € X, (i,5) € (n x m). Let r < s. For all z € X,
we have that g(z) € D(2), so g(z)(r,j) < g(z)(s,5) and g(z)(i,r) < g(z)(i,s). It
follows that ~(g)(r, )(z) < 1(9)(s, 1)) and (g)(, 1) (z) < 1(g)(5,5)(z) for all z € X,
so Y(g)(r,7) < v(g)(s,j) and v(g )(z r) < v(g)(s,7). Hence, v is well defined. We will
prove that 3 and v are inverse to each other. Let g € D(2)X, x € X and (i,7) € (nxm).
We have that: (£ 07)(g)()(i,5) = B(v(9))(@)(0,5) = 1(9)(i,5)(x) = g(x)(i, j), hence
(Bo)(g) =g Let f € D(2%), (i,j) € (n xm) and x € X. Then (yo B)(f)(i,j)(x) =
VBN G ) (@) = B ) = 16, )@, 50 (10 B)(f) = f. _

Theorem 2.9 For every 2mLM, ., —algebra (L, G, H) there exist a weak-frame (X, R, Q)
and an injective morphism of 2mLM,, ., —algebras

a:(L,G, H) — (D(2)*,G", H).
Proof. Let (L,G, H) be a 2mLM,,,,—algebra. By Remark 1.15 we have that
(C(L), C(G),C(H))

is a weak-tense Boolean algebra. By applying the representation theorem for weak-tense
Boolean algebras, it follows that there exist a weak-frame (X, R, Q) and an injective
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morphism of weak-tense Boolean algebras d : (C(L),C(G),C(H)) — (2%,G, H). Let
D(d) : D(C(L)) — D(2%) be the corresponding morphism of d by the morphism D.
Then, by Lemma 2.4, D(d) is an injective morphism. On the other hand, by using
Lemma 2.6, we have an injective morphism of 2mLM,,,,—algebras 7, : L — D(C(L)).
Besides, by Lemma 2.8, 8 : D(2%) — D(2)¥ is an isomorphism of 2mLM,,y,,—
algebras. Now, in the following diagram,

L5 Do) 249 p2X) L p2)X

if we consider the composition o D(d)o7, we obtain the required injective morphism. W

Corollary 2.10 For every weak-tense LM, —algebra (L, G, H) there ezist a weak-frame
(X, R,Q) and an injective morphism of weak-tense LM,-algebras ® : (L,G,H) —
(LX,G' H).

Proof. It is an immediate consequence of Remark 1.15 ii, Theorem 2.9 and (LMO9).
[
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