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Abstract

We intend to present a generalization of the techniques developed by
Fidel, and independently by Vakarelov, widely known as twist-structure
semantics, to the more general context of n-valued logics. We focus here
on the well-known Lukasiewicz-Moisil algebras of order n + 1. Departing
from a twist-structure representation for De Morgan algebras, we con-
struct another structure with more axes (2n+ 2 axes actually) that shows
to represent the Moisil operators more efficiently. With this representa-
tion, the theory of homomorphisms, filters and free algebras is simpli-
fied significantly. Finally, we introduce a relational semantic model (d
la Kripke) for a n-valued logic naturally associated to these structures,
showing the modal nature of the Moisil operators.
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1 Introduction

In order to study non-classical logics, for many years, a wide range of alge-
braic structures have been considered and studied. The study of such algebras
presents many similarities and analogies in both concepts and demonstrations.
This may lead to think that there are not methods and principles more general
than those. However, a different line of study have also been considered: it
is possible to study the structure and meaning of algebraic models of certain
non-classical logics by means of tuples. The method of tuples, also known as
the method of twist structures, have shown to be simpler and illuminating.
This technique can be displayed, for example, studying the Nelson logic in [3]
and [9].

In this work, we apply the technique of tuples to the well-known Lukastewicz-
Moisil algebras of order n 4+ 1. In these algebras, they are introduced opera-
tors, widely known as Moisil possibility operators, which could be considered
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as modalities. However, some of their properties could prevent us of thinking
them as such. In order to clarify this conflict, we shall introduce the proposi-
tional calculi M,,41 as well as semantic models for them, in the sense of Kripke,
exhibiting the corresponding soundness and completeness theorems. This will
show that Moisil possibility operators can be thought as modalities and that
their unusual properties are due to the fact that they are valid in their models.

The main difference between the treatment here and the one of [3] is that
our algebraic models will be formed by (2n + 2)-tuples. That is, we shall
consider the product of n + 1 lattices with their n 4+ 1 dual lattices. With this
representation, the theory of homomorphisms, filters and free algebras will be
simplified significantly.

2 Preliminaries

Early last century J. Lukasiewicz introduced a class of propositional calculi
by means of matrices in the following way: if x and y denote numbers in the
real interval [0, 1], then the implication — (known as Lukasiewicz implication)
is defined by: (A) x — y = min(1,1 — x + y), the negation ~ is defined
by: (B) ~x =1 — z, and the set of designated values is (C) D = {1}. With
w—LPC we shall denote the propositional calculus which has ([0, 1], —, ~, {1})
as characteristic matrix.

Let Lpiq = {0,%, %,...,”T_l,l} and J = {1,2,...,n}. If we consider the
chain L1, instead of the segment [0, 1], along with the operators —, ~ and
the set D as above, we have the matrix of the (n + 1)—valued Lukasiewicz
propositional calculus (for short (n + 1)—LPC).

Recall that it was Moisil (in 1941) who first intended to present an algebraic
semantic for (n + 1)—LPC. In order to do so, he introduced what today are
widely known as Lukasiewicz-Moisil algebras of order (n+1) (or (n-+1)-valued
Lukasiewicz-Moisil algebras) (see [1]), for n being a positive integer, as follows:

Definition 2.1 A Lukasiewicz-Moisil algebra of order (n + 1) is an algebra
(A, VA, ~, (00)ieg,0,1) of type (2,2,1,(1);es,0) where J = {1,2,...,n} and
such that (A,V,\,~,0,1) is a De Morgan algebra and (¢;)ic; are unary oper-
ations on A such that: for alli,j € J,

(C1) ¢i(zVy) = dix V ¢y,
(C2) ¢ix V ~pijx =1,

(C3) ¢z = djx,

(C4) dirw = ~Pny1-i7,
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(C5) i < j implies ¢p;x < ¢pjx, and
(C6) ¢pix = ¢y, for allie J, implies x =y.

The success of Moisil was partial since Rose verified later (in 1965) that,
for n > 4, (n + 1)-valued Lukasiewicz-Moisil algebras are not the algebraic
counterpart of the (n + 1)-LPC calculus.

On the other hand, these algebras have been extensively studied by different
authors standing out among them R. Cignoli who studied them in his Ph.D.
thesis under the name of Moisil algebras (see[2]).

The standard Lukasiewicz-Moisil algebra of order (n+ 1) is
£n+1 = <Ln+17 V, A~ (Ui)iEJa 0, 1>

where: L, 11 and ~ are as above, x V y = max(z,y), Ay = min(z,y) and

; 0 ifjti<ndtl
oi( ): , for every j € {0} U J,i € J. (1)
1 ifj+i>n+1

The following result is well-known.

Theorem 2.2 ([2]) Every Lukasiewicz-Moisil algebra of order (n+ 1) is iso-
morphic to a subdirect product of algebras Ly,11.

Remark 2.3 FEvery Lukasiewicz-Moisil algebra is a Heyting algebra where the
pseudo-complement relative to — can be defined in terms of A\, V, ~, ¢;. Be-
sides, the ¢;’s can be defined in terms of —, A, V and ~, but this is not possible
any more for n >5 ([2]).

Let A be a De Morgan algebra and let £(A) the family of all prime filters of
A. We denote by ® the well-known Birula-Rasiowa mapping defined on £(A)
as

®(P)= A\ ~P, where ~P ={~p : pe€ P}.

Recall that in [5] it was showed that any De Morgan algebra can be em-
bedded in the product L x L* where L is a bounded distributive lattice and
L* is its dual lattice. Indeed, let F = {P;};c; be any family of prime filters of
A such that
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FUD(F) = £(A)

Consider, now, the bounded distributive lattice L = [[ L; where L; is the
el
two-element distributive lattice 2 for all ¢ € I. Then, A can be embedded in
L x L* by means of fa: A— L x L*

fa(x) = ((@)ier, (7)ier) (2)
where 2z} =1 iff v € P, and 22 = 0 iff € ®(P;) for all i € I.

It can be proved that f4(A) C L x L* is a De Morgan algebra where,
it (a1,22), (5,12) € fa(d) then ~(zl,a2) = (22,21), (21,42) v (3),42) =
(' vyl 2® Ay?), (ah2?) A (yhy?) = (&' Ayl e viy?), 0 = (0,1), and
1= (1,0).

Ifm : LxL*— Land me: L x L* — L* are the standard projections then
m1(fa(A)) is a sub-lattice of L and ma(fa(A)) is a sub-lattice of L x L* and

m1(fa(A)) = ma(fa(A).

It is worth mentioning that the above representation for a De Morgan
algebra A is not unique: it strongly depends on the family of prime filters F
that we choose. On the other hand, there always exists such a family: it is
enough to consider £(A).

Let T(A) be the subalgebra fa(A) of the product L x L* where L is the
lattice that is constructed by considering £(A) as the family F. It is clear that
fa is a De Morgan isomorphism between A and f(A). Then, this representation
of De Morgan algebras can be recast in categorical terms. Let DM be the
category whose objects are all De Morgan algebras and its morphisms are all
the homomorphisms between De Morgan algebras. On the other hand, let ££*
be the category whose objects are De Morgan subalgebras of products L x L*
where L ~ [] 2 for any arbitrary set of indexes.

el

Then, we can extend the operator T to a functor T : DM — LL* by
T(A) = fa(A) and Th = fgoho fi'. Tt is not difficult to see that T is full,
faithful and dense. Then

Theorem 2.4 The categories DM and LL* are equivalent.
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3 (n+1)-valued Moisil twist structure

Next, we are shall introduce our models in terms of (2n + 2)-tuples, namely,
(n + 1)-valued Moisil twist structure.

Definition 3.1 Let L be a bounded distributive lattice (the base lattice). Let
L;, 1 < i < mn, be sub-lattices of L, let L* and L} be the dual lattices (with
respect to the order) of L and L} respectively. Consider the product of (2n+2)

n n—1
lattices: Lx Ly X+ XLy XL} x---XLixL* = Lx @ Lix @ L} _,xL*. We shall
i=1 i=0
call (n+1)-valued Moisil twist structure to any sub-lattice N of the product L x
n n—1
Q Li x @ L;_, x L* such that for any = = (zo,21,...,Zn, T},
i=1 i=0

* *\
X, Th) =

((371)87 (‘T:z—z)g)i y= (y07 Yiy---5Yn, y;(n ceey yfa yS) = ((yl)ga (y;—z)g) in N it is
verified:

(Tw0) if xg < yo then x; < y;, fori e J,

(Twl) 1<z;Valandz; Nxf <0, forieJ,

(Tw2) ifi<jthen z; <x; and x} > a7, fori,j € J,

(Tw3) zo < zp, and xf >z},

(Twd) ifx;=y; forallie J thenz =y, and

(Twb) if (xo, 21, .., Tn, 2z}, ..., 27, 25) € N, then (z§, 2], ..., 27, 21,...,
Tn,xo) € N and (x4, i, ..., x5, 5,...,x;,xf) € N, for1 <i<n.

n places n places

Remark 3.2 (i) Intuitively, xo represents a positive value, xf represents a
negative value (independent from the positive one); x1,...,x, represent
the graded positive possibility of some proposition and x7,...,x} the re-
spective negative values. The pairs (x;,x}) fori € J stand for the classical
possibility values as it can be seen in the following proposition.

(ii) (Tw4) is the well-known Moisil’s determination principle and it is equiv-
alent to (i.e. it could be replaced by)
(Twg) xo Az} Ayisr < yo and y§ < xfV @i V yiy.

This last aziom is due to Cignoli [2] and will be very useful as we shall
see.
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—1
Proposition 3.3 If N C L x ®L X ® Ly, x L* is a (n+ 1)-valued

(2

Moisil twist structure, then B = {(wz, x}) 6 L X LY 2 ((x)g, (x3_;)g) € N} is
a Boolean algebra taking ~(a,b) = (b,a), fori € J

Proof. Immediate from Definition 3.1. [ |

Example 3.4 Let us see the chain Ly as a 5-valued Moisil twist structure. We
take L3 as the base lattice and L; = Ly = {0,1} for i =1,2,3,4. Then

0=(0,0,0,0,0,1,1,1,1,1)
( 0,0,0,1,0,1,1,1,1)

=(1,0,0,1,1,0,0,1,1,1)

1

1
4
2
4
3
7 =(1,0,1,1,1,0,0,0,1,7)
1=

(1,1,1,1,1,0,0,0,0,0)

In general, we can represent Ln,11 by a Moisil twist structure taking L =
L,—1 and L; = {0,1} fori € J. Besides, if n is even natural number Ly 1 has
a center, that is, an element c such that ~c = ¢ and its coordinates are

Lﬁ:(n/Q

n n—2

,0,...,0,1,...,1,0,...,0,1,...,1,1)
N N N N’

n/2 places n/2 places n/2 places n/2 places

The standard algebra £,,4+1 presented as a twist structure will be noted

Tn+1-
Now we are going to define operations on a given (n + 1)-valued Moisil twist
structure.

Definition 3.5 Let x = ((x:)§, (z}_;)8). v = ((v:)§, (vi_;)g) € N. We define
on N the following operations.

(1) ~x =gef (xf, 2}, ..., 2], 21,...,Tn, To),

(i) © vy =dger (2 Vyi)g, (45 AN _i)g)s
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(i) x Ny =dep ((2i Ayi)gs (45, V Yn—i)6);

(iv) ¢ix =def (Ti, Tiy .. T4, 25, ..., x;,xF), forieJ,
n places n places
(1)) Ozdef(o,...,o, 1,...,1),

n+1 places n+1 places

(i) 1=ges (1,...,1,0,...,0).
N N——

n+1 places n+1 places

Proposition 3.6 (N,V,A,~,1) is a De Morgan algebra.

Proof. Immediate. |

The following property will be useful in the sequel.

Proposition 3.7 If (zo,z1,...,%n,x},...,27,24) € N then x; < zo and
x> xj.
Proof. By Definition 3.1 (Tw5) and (Tw3). |

From definitions 3.1 and 3.5 and Proposition 3.6, the next result is quite
obvious.

Theorem 3.8 If N is (n+ 1)-valued Moisil twist structure then
<N7 Vi, Ay, (¢i)i€Ja 0, 1>
is a Lukasiewicz-Moisil algebra of order (n 4+ 1).

Proof. We shall verify only the condition (C3) of Definition 2.1. Let

(a,a1,...,an,a},...,a5,a%) € N, then ~a = (a*,ay,...,a],ai,...,an,a) and
Giva = (@) iy gy Oy Ol iy - - G 1, G 1)
n p};ces n places
= ~(Ant1-is Gn1—is - - Ang 1, a;—l—l—z” s va2+1—z’a a2+1—i) u
n places n places
= ~Ppi1-ia

The converse is also valid.
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Theorem 3.9 For every (n+1)-valued Lukasiewicz-Moisil algebra A there ex-
ists a (n+1)-valued Moisil twist structure N such that (N,V, A\, ~, (¢:)ics,0,1)
and A are isomorphic.

Proof. Let (A,V,A,~,(¢i)ics,0,1) a (n + 1)-valued Lukasiewicz-Moisil al-

gebra. Following what it was done in [5], let 7 = {P;}cr any family of prime

filters of A such that F U ®(F) = £(A) and let L = [[ R; where R; is the
el

two-element distributive lattice 2 for all 7 € I. ’

Let f: A< L x L* as in (2) and 7, 72 the respective projections. We
know that m(f(A)) = m2(f(A)). Now, we have to choose the lattices L; for
1 < i < n, and they have to be sub-lattices of L. It is well-known that, if
Ki={r € A: ¢i(x) ==z} for 1 <i<nthen K1 =--- = K, = B(A) where
B(A) is the set of all Boolean elements of A. So, let L; = m1(f(B(A))), for
1 <4 < n. It is not difficult to see that L} = ma(f(~B(A))), 1 <i < n.

Since ; is a lattice homomorphism, every L; is a sub-lattice of L and all

x; € L; has a complement that belongs to L}. In order to prove that A can
n—1 _

L*_. x L* consider the function f : A —
=0

) n—i

n
be immersed in L x Q) L; x
i=1 i

n n—1
Lx @ L;x @ L}_, x L* defined as follows
i=1 i=0

f(z) = (mf(x), mf(12),..., M (fPnx), M1 f(~PnT), ..., m1f(~P1), 71 f(~7))

n n—1
Then, f(A) € L x @L; x @ L _, x L* is a n + 1-valued Moisil twist
i=1 =0
structure. For example, let’s see that (Tw2) holds. Let ¥ € f(A), then there
is © € A such that f(z) = Z. Since A is a (n + 1)-valued Lukasiewicz-Moisil
algebra, ¢;(x) < ¢;(x), and since f and 7 are lattice homomorphism we have
that m (f(¢i(2))) < m(f(¢5(x)))- _

On the other hand, by Theorem 3.8, f(A) is Lukasiewicz-Moisil algebra
of order (n 4 1). Besides, it is not difficult to see that f is (n + 1)-valued
Lukasiewicz-Moisil homomorphism. For instance, let’s see that it preserve
Moisil operators: let x € A and j € J
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f(ojx) = (mf(pjx), mf(drd;x), ... . m(fondjx), T1f(~Pndjz),. ..,
T f(~p1¢x), w1 f(~pj1))

= (mf(¢jx), m f(pjx),...,m(fojx), T f(~jx), ... 11 f(~p;z),

n places n places
T f(~¢;z))
= ¢](7Tlf(x)7 Tl'lf((blx), ceey Fl(f(bnx)v Flf(N(bnx)a B 7771f(N¢1x)7
w1 f(~x))
= ¢;f(x)
Besides, f is injective since f is injective and therefore, f(A) and A are
isomorphic algebras. ]

Remark 3.10 Any (n + 1)-valued Moisil twist structure is, in particular, a
Lukasiewicz-Moisil algebra of order (n+1). Therefore, the notion of homomor-
phism, congruence, filter, etc., is the usual in the context of universal algebra.

4 Prime filters, homomorphisms and representation

In order to prove soundness and completeness of the calculus M1, which
will be presented in Section 6, with respect to their semantic models we need
to know in detail the structure of the prime filters of any (n + 1)-valued Moisil
twist structure.

Recall that in [5] it was proved that every De Morgan algebra D can be
seen as a subset () # M C L x L* where L and L* are a lattice and its dual
respectively such that; (DM1) (0,1) and (1,0) are in M, (DM2) (z1,z2) €
M implies (x2,21) € M, and (DM3) (z1,22), (y1,y2) € M implies (z1 A
y1,x2 V y2) € M. Besides, in M, the operations ~, V and A are defined as
follows: ~(x1,%2) =def (v2,21), (z1,22)V (Y1,¥2) =def (£1V y1,22 Ay2), and
(1, 22) A (Y1,Y2) =def (T1 Ay1, 22V y2).

At this point, it is worth correcting an omission in [5] concerning the form
of prime filters in a De Morgan algebra presented by a twist-product.

Proposition 4.1 Let M be the De Morgan algebra L x L* as indicated above.
If P is a prime filter of M then P = Py x I} where Py = m(P), ~P =
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{(z1,20) : (x0,21) € P} and I, ={~P}. Besides, Py is a prime filter of L

and I is a prime ideal of L*.

Proof. Since 7 is an epimorphism, we have that Py and I; are a prime filter
and a prime ideal of L, respectively.

It is clear that P C Py x I}. Let’s see that Py x I} C P. Let z € Py x I}.
Then, © = (zg,z1) where zyg € Py, 1 € I, and there exists y € P such
that y = (zo,y1) < v = (20,0) € P. Analogously, there exists z € P
such that z = (20,21) < 2/ = (1,21) € P. Since P is a filter, we have that
Yy N2 =x=(x0,21) € P. ]

The reciprocal is stated in the following two propositions.

Proposition 4.2 Let P be a proper prime filter of M = L x L*. Then, P =
Py x L* or P =L x I where Py and IT are as in the above proposition.

Proof. We know that P = Py x IT = (Py x L*) N (L x I{). Since P is a
prime filter and Py x L*, L x I} are filters of M, we have that P = Py x L* or
P=1LxIt. [ |

and,

Proposition 4.3 Let P be a proper prime filter of M = L x L* and suppose
that P = Py x IT. Then, Py =L or I] = L*.

Proof. Let P be a proper filter of M = L x L* and suppose that Py C L and
I € L*. Then, Py x I C Py x L* and Py x I} C L x I]. So, there are

(wo,2}) € Py x L* and (zg,2}) ¢ Py x I,

(xy,71) € L x IT and (xg,}) ¢ Py x I7.

Then, (zg,z1) € Py x L* and (zg,x1) € L x I{; and so (zg,z1) €
(Py x L*) N (L x IT) = Py x If. On the other hand, (zo,1) < (x,2]), so
(x0,1) ¢ Py x I7. Analogously, (0,z1) ¢ Py x I7. But (x0,1) V (0,21) =
(xo V0,21 A1) = (mg, 1) € Py x I which is a contradiction. [ |

In what follows, we shall rediscover many results by Cignoli ([2]) in the
context of our (n+ 1)-valued Moisil twist structures. In particular, we shall see
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that every prime filter of a given n + 1-valued Moisil twist structure belongs
to one, and only one, chain of filters with at most n — 1 elements.

n n—1

Let NCLx @ Lix @ L}_, x L* be a n+ 1-valued Moisil twist structure.
i=1 =0

Let N® = {(z,2%) : ((z;)%, (25_,)8) € N} C L x L*. It is clear that N¥ is a

De Morgan algebra presented as a twist product. Let m; : N — L;, 0 < j <n
the projection morphisms from N into L;. Without loss of generality, we may

assume that the m’s are surjective, i.e., m;(N) = L;.

From what we have just discussed if P is a prime filter of N then

(1) (Pox L¥)|yr or (2) (LxIj)|yr
where Py = m1(P) and Iy = m1(~P).

Let P be a prime filter of N of the form (1), i.e., P = (Py x L*) yr then
we define

Definition 4.4 Let P} =qct Polr,_,- For everyi,1<i<n-—1

Pg =def {zo € L : x= ()5, (z_;)5) € NE g, € P}

Then, it is immediate that
Proposition 4.5 P} is an ultrafilter of the Boolean algebra Ly,.
Besides,

Proposition 4.6 For 1 <i <mn, it holds:
(i) P} is a prime filter of L,
(ii) if xo & P then zf € Pi.

Proof. (i) Let’s see that PJ is a prime filter. Clearly 1 € P¢. Suppose that
zo € P and thereis yo € L, mo < yo. Then, there is y = ((v:)7, (y5_,)8) €
N and, by (Tw0), z; <. So, v € P} and therefore yo € Pi.

On the other hand, let xg,yg € L such that zg V yg € Pg. Since the
projection g : M — L is surjective, we have that there exist z,y € N such
that @ € ((z)f. (i) and y € ()3 (Wh_)B). But aVy = ((x; v
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yi)a, (x5 Ayx_)8) € L and, by hypothesis, 7o V yo € P} and so z; Vy; € Pj.
By Proposition 4.5, z; € P} or y; € P} and so z¢ € P¢ or yo € P,

(ii) Finally, suppose that there is 79 € L\ Pi. Then, there is x = ((z;)§,
(zx_.)») € NF such that z; ¢ P}. By Proposition 4.5, ¥ € P} and so z, € Pg.
|

Next, we shall see that the filters Pg’s form a chain.
Proposition 4.7 Pg - Pg“, for1 <i<mn.

Proof. Let xg € Pi. Then, there is = ((z;)8, (z7_,)8) € N such that

—
To € L and z; € Pé. Since x; < x;4+1 we have that z;41 € Pé; and then
zo € PITL. ]

Then, the family {(P{ x L*)}?"_, is a chain of prime filters of N'*. We can
locate the prime filter Py in the chain { P} ;.

Proposition 4.8 PO1 ChCPh.

Proof. Let xg € P¢. Then, there is = ((;)8, (z5_;,)8) € M such that

—
zo € L and 21 € P}. By 3.7, 21 < 29 < z,, we have that xy € P). Besides, the
elements x = ((z0)%, (z§)8) € NE. Analogously we prove that Py C PJ. |

As an immediate consequence we have:

Corollary 4.9 (P} x L*) C (Py x L*) C (P} x L*).

The next result will be fundamental when proving the completeness of the
calculus M,, with respect to our models.

Proposition 4.10 Let zq € L. The following conditions are equivalent:
(i) xo € P,
(ii) for everyr,i<r <mn, zg € Pj,

(7ii) there isr, i <r <n, xy € Fj.
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Proof. It follows essentially from the fact that the family {P}}? ; form a
chain, choosing 7 = ¢ when necessary. ]

Remark 4.11 The corresponding results for the filters {(P§ x L*)}"_, of N
follows immediately. We have an analogous situation with the correspondmg
results for the filters {(Pt x Ly X +++ X Ly X L x --- x L} x L*)}_; of Nf

Next proposition justifies Cignoli’s choice of the equations defining Lukasiewicz-
Moisil algebras of order n + 1.

Proposition 4.12 Let Py be a prime filter of L. Then, for every 1<i<mn
Py C P} or PP C Py

Proof. Suppose that Fy z Pg and Pg“ & Py. Then, there exist zg € Py and
Yo € POZJrl such that =g ¢ P} and yo ¢ Fy. By Proposition 4.6 (ii), =* € P}
and so z} € Pj C Py. On the other hand, yo € Pé“ and then y;41 € P; C P.
Therefore, xo Az} Ayit1 € Py and by (Tw4)’, yo € Py which is a contradiction.
|

Theorem 4.13 Let Py be a prime filter of L. Then, there exist a unique t,
1 <17 <n such that ‘
Py=F;

Proof. Let iy = max{i : P} C Py}. By Proposition 4.8, we know that
{i: PO C Py} # 0. If ig = n then, by Proposition 4.8 and the definition of g,
PSO = Py. On the other hand, if ig < n — 1 then P’O C Py and PZOJrl Z Py. By
Proposition 4.12, Py C PZO [ |

Again, it is easy to state the same result for filters of N.
Lemma 4.14 If Py C Qo then Pt C Q}, for all1 <i<n.

Proof. Immediate. ]
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Proposition 4.15 Every filter Py of L belongs to one and only one chain of
filters {Pi}n_,.

Proof. Let Py be a prime filter of L. We know by Theorem 4.13, that Py
belongs to the chain of filters {Pg *,, i.e., there is ig such that Py = Péo.
On the other hand, suppose that there exist a filter Qo of L such that Py
belongs to the chain {Qy}}_;, i.e., there is jo such that Py = @Q}’. Then,
Py = Q%O - Q%OJFI and, by propositions 4.7 and 4.12, we have that Py C (g or
Qo C By. If Py C Qg then, for every 1 < k < n, Pé“ C ng, by Proposition 4.14.

Let k£ € {1,...,n} and let =y € Pé“, then zg € Pl foralli = 1,...,n
(Proposition 4.10). Then, zy € PSO = Py = Q) and by Proposition 4.10,
xo € Q’g. Therefore, both chains of filters coincide.

We proceed analogously if Qg C Fp. ]

All these results related to prime filters of L can be easily be formulated
and proved for filters of M. We leave this task to the patient reader. Besides,
these same results can be obtained if we assume that the filter P of M is of
the form L x Ij.

Next theorem is consequence of all the stated above and it will be used in
the sections of semantical models. This formulation is due to Cignoli:

Theorem 4.16 (Cignoli) Every prime filter of n+ 1-valued Moisil twist struc-
tures belongs to one, and only one, chain of prime filters with at most n ele-
ments. The set of all prime filters ordered by inclusion is the cardinal sum of
chains with at most n elements.

Lemma 4.17 Let P = Py x L* be a prime filter of NE. If Py = P} then
o(P) =P"™ ) x L~

Proof. z € ®(P) & ¢ ~P & ~x€P = PixL* & x5, ;¢ P <
ay ¢ PP e 2o e P & x e PP LN |

As a consequence we have the following corollary.

Corollary 4.18 (n+1)-valued Moisil twist structures verify the Kleene’s prop-
erty.
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Proof. It is enough to see that for every prime filter P of L it holds:
P C ®(P) or ®(P) C P. But this is consequence of the above lema and the
fact that both filters belong to the same chain. |

Regarding simple and semisimple Lukasiewicz-Moisil algebras of order (n+
1) the treatment in our context is quite simple. This is due to the fact that
the study of the homomorphisms of (n + 1)-valued Moisil twist structures is
reduced to the study of lattice homomorphisms.

Indeed, we have already seen that the standard algebras £,,+1 can be pre-
sented by (2n 4 2)-tuples using the lattice chain with n — 1 elements and the
lattice Lo = {0,1} for the subbases. The only homomorphic images of these
lattices are chains with less elements and the same Lo respectively. Then, the
only homomorphic images of £, are the subalgebras of £, 1. Therefore, by
definition, the algebras £, 1 are simple.

On the other hand, any other simple algebra have £,11 as homomorphic
image since any chain of prime filters (of the kind we have seen above) in the
lattice have a maximal filter P,. Then, these algebras are semisimple and it
holds the next representation theorem due to Moisil.

Theorem 4.19 (Moisil) Every n+ 1-valued Moisil twist structures is isomor-
phic to a subdirect product of algebras Tpi1-

5 Construction of the free n + 1-valued Moisil twist structure

In this section we shall construct the free Lukasiewicz-Moisil algebras of order
(n + 1) using its representation as a twist product. The simplicity of this
construction will show, once again, the power of twist structures.

Let (G);, be the n + 1-valued Moisil twist structure generated by a subset

n n—1
GCLxQLix QL xL*,
i=1 =0

satisfying (TwO0), (Twl), (Tw2), (Tw3) and (Tw4).

That is, (G)7;, is the least n+ 1-valued Moisil twist structure that contains
G. On the other hand, let (G),z be the lattice generated by G in the same
product. Consider now the following sets.

NG =def {(967927‘-'7.9)1\'7917”-7971790) : (907917”'79717927"‘79{796) EG}a
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¢iG:def {(glvg’mmglag:v’g:vg;) : (907917"'7gnag:w"'791(’96()EG}a

N(ﬁlG —def {(9:79:779;7917791791) : (907917"'7977»791);7"-791(796) S G}7
for i =1,...,n. Then, it is possible to prove the next proposition.

(2

n
Proposition 5.1 (GU | ¢»:G U
=1

)

~¢iG U~G) = (G)T,.
=1

Proof. (I) (G)7, is a lattice which contains GU |J ;G U |J ~¢:G U~G,
i=1 i=1
therefore .
(GU U ¢iG U | ~¢iG U~G) e C(G)T,.
i=1 i=1

n n

(I) Lg = (GU U ¢:G U | ~¢;G U~G) is a n + 1-valued Moisil twist
i=1 i=1

structure. Indeed, this is proved using induction on the length of the expres-

sions of Lg and taking into account that these expressions are built from ele-
n n

ments (disjunctions of conjunctions of elements) of GU |J ¢;G U | ~¢:G U
i=1 i=1

n n
~G. On the other hand, the elements of GU |J ¢;G U |J ~¢;G U~G satisfy
i=1 i=1
(Tw0), (Twl), (Tw2), (Tw3), (Tw4) and (Twb5); and taking into account the
De Morgan Laws and the properties of the ¢;’s we have that (Tw0), (Twl),
(Tw2), (Tw3), (Tw4) and (Twb) hold for every expression. Therefore, we have

(G)T,, C La- L]

Foreveryi=1,...,n,let L; = (¢;G) . Then, it is clear that (~¢;G) = L7
and both, L; and L7}, are sublattices of L = (G).
Let H be a lattice such that mo(G)7, C H. Consider the following sets

G = mo(G),
G; = Wi(qf)iG), for1<i<n,
G/nJri = Ti(~¢n—i+1G), for 1 <i <n,
G/2n+1 = WO(NG>-

Then, the following result constitute a link between the free n + 1-valued
Moisil twist structure and its base lattice.



TWIST-STRUCTURE STYLE SEMANTICS FOR n-VALUED LOGICS 17

2n+1
Proposition 5.2 If H = ( |J G})z then H = mo(G)T,.
i=0
2n+1
Proof.  Let’s see that H C mo(G)7,. It is enough to see that |J G} C
=0

2n+1
70{G)7,. Suppose that x € U G,. If ¢ € Gf, then z € 7m(G). Since

=0
G C (G),, we have that moG C 70(G)T,. Therefore, v € mo(G)71,. lf x € G, =
7i(9iG) C mo(¢iG) C mo(G), so x € mo(G),,.-

The other cases are analogous. |

Now we are going to exhibit a way to build free n + 1-valued Moisil twist
structures by means of free distribuitve bounded lattices.

Let m be a denumerable cardinal number and let Freey (K) the free bounded
distributive lattice generated by a set K = {g;} of size (2n+2) xm if m is
finite or w otherwise. Consider the following sets for 1 < i < n.

Ko={g9; € K : j=0(mod 2n+ 2)},
K;={g; € K : j=i(mod 2n+ 2)},
Kusi= {5 € K + j=(n+1) (mod 2n+2)},
Kopr1={g9g; € K : j=2n+1)(mod 2n+ 2)}.
2n+1
It is clear that Ky N K; = 0 if k # [ and K = |J K. Besides, |Ky| =
= |Kopy1| = m. Let =
2n41

G = {g = (g(2n+2)rgag(2n+2)rg+17 <o 9(2n+2)rg+(2n+1) ) € ® Kj : rgeN,

0<ry <m},
and let G} as above for 1 <i < 2n+ 2.

Remark 5.3 |G| = m and for every g; € K there exists one, and only one,
g € G such that g; is a coordinate of g.

Consider now the product

2n
Ky x Q(Ki)e x (K)F,
=1
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and let (G)7, the n 4 1-valued Moisil twist structure generated by G in this
product.

Theorem 5.4 If (K) . is the free distributive bounded lattice generated by K,
then (G)T,, is the free n + 1-valued Moisil twist structure generated by G.

_ noo_ n+1l _ _
Proof. Let f: G — M, where M C Lx Q@ Lix @ L} _,x L* is an arbitrary
i=1 i=0 ~ -
n + 1- valued Moisil twist structure. Then f induces a function f from K in L
in the following way:

flgi) = mi(f(9))
where g is the unique element of G such that g; is one of its coordinates
and 7 is such that 0 < j <2n+1 and i = j (mod 2n + 2).
By Remark 5.3, we know that f is well defined. Then, there exists a unique
homomorphism A : (K); — L that extends f. Let h be the function defined
as follows: if z = (zg,...,Ton+1) € (G)7, then

h(x) = (il(l'l), ey B($2n+1>)

It is clear that h is well defined and that it is a homomorphism. Let’s see
that h extends f on G. Let g € G,
h(g) (9 2n+2)rg> 9(2n+2)rg+1s - - - g(2nt2)rg+(2n+1)))
(9@2n+2)ry)s M(G@nt2)rg11)s - - - B(9@nt2)ry +2nt1))
(g(2n+2)7‘g) (9(2n+2 rgt1)s -5 F(G@n+2)rg+(2n11)))

’f
0o(£(9)), m1(f(9)),- - m2n+1(f(9)))
(9)

Finally, we need to verify that h({G)7,) € M. Consider the following set

I
|/§|i
D‘

1l
—~
3 =

\
~

S={x€(G)r, : h(z) e M}

Then, (1) G C S since h extends f; and (2) S is a sub-algebra of (G)r,
since h is a homomorphism. From (1) and (2), we have that S = (G)7, and so
h({G)T1,) € M and then h : (G)7, — M. That is to say that (G), is the free

n

n + 1-valued Moisil twist structure with m generators. ]

Also, it can be proved that:

Proposition 5.5 If (K) is free, then (K)c and (G)7;

n

are isomorphic lattices.
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The above construction was made with the sole intention of showing that,
due to the De Morgan laws, the complete distributivity of the ¢;’s and other
properties (¢;¢; = ¢;), the expressions in the correspondent logic are precisely
those that are obtained applying the connectives V, A to the propositional
variables, their negations, the modal connectives and their negations to these
same variables.

6 The propositional calculus M,

In this section, we introduce the calculus M, 1, based on the positive intu-
itionistic propositional calculus, that will be demonstrated to be sound and
complete with respect to (n + 1)-valued Moisil twist structures. This calculus
contains the operators ¢; whose intended meaning is that of the graduation of
the possibility of a given proposition.

The formulas of this calculus are built up in the usual way from the count-
able set Var = {p; };cs of propositional variables by means of the connectives —
(implication), V (disjunction), A (conjunction), ~ (negation) and ¢;, for i € J
(modal operators). With Fm we denote the term algebra in this language, i.e.,
Fm = <Fm, —, V, A\, ~, {¢Z}z€[>

The connective <> (equivalence) is defined in the usual way

P q=aefr (p—=q) AN(g—p)

We shall eliminate parenthesis following the usual convention that connec-
tives ~, ¢1,..., ¢, binds more strongly than either A or V and each of them,
in turn, binds more strongly that either — or <.

The following are the axiom schemas of M,, 1 (where a, 3,y € Fim denote
formulas):
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pirva < ~Ppa, i € J,
(ﬁﬂ)& — ¢i+1a, 1€ J,
a— dpa, 1 € J,

)
)
)
)
A12i) ¢ipja < i, i€ J,
)
)
)
)

a~piaNpip1B— B, i€ J,
The rules of M, are the following;:

a—f

pic — ¢if3

o, — f

B

a=B8

(MP) o B

(R2) (R3i) ieJ

As it is usual, we shall say that « — (8 or a <> 8 are provable in M1,
denoted F,41 o — fort,i1 a <> G, if they belong to the least set of formulas
that contain the axioms listed above and that is closed by the rules (MP), (R2)
and (R3i).

Proposition 6.1 The following formulas are provable in My
(i) Fny1 ~(aV B) & ~a A ~p,

(ii) Fri1 diaV i — (251(05 \Y B)

We say that o € F'm is valid (in the (n+ 1)-valued Moisil twist structures),
noted = «, iff for every (n + 1)-valued Moisil twist structures N and every
h € Hom(Fm,N) we have that h(a) = 1. By the usual methods it can be
proved the soundness and completeness of this logic with respect to (n + 1)-
valued Moisil twist structures. Indeed, first, we define the equivalence relation
= on the set of formulas as o = g iff F,411 a <> . Then, it can be proved
that this relation is compatible with all the connectives of the logic M, 41.
Therefore, it is possible to define the (n + 1)-valued Moisil twist structures
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L™+ the Lindenbaum algebra of M, 1, considering (2n + 2)—tuples in the
following way:

(|a|’ |¢1a‘v R |¢na‘v |N¢na|7 ) |N¢1a|’ ’NO‘D

where |a| is the equivalence class of the formula «. So,

Theorem 6.2 Let a € F'm. The following conditions are equivalent:
(’l,) |_n+1 «,
(ii) = a.

It is worth mentioning that in the proof of Theorem 6.2, it is only necessary
to use properties of distributive lattices.

On the other hand, it can be showed that L™! is the free (n + 1)-valued
Moisil twist structures with Ng generators which is the cardinal of the set
of propositional variables. Besides, 7,41 is the characteristic matrix of the
calculus My,11, i.e., Fpy1 a— Siff o < |B).

As a consequence of Theorem 4.19 we have that the chain 7,,1 is a char-
acteristic matrix of M,y; and therefore:

Corollary 6.3 M, is decidable.

7 Relational Semantic Models

In this section, we shall introduce relational semantic models for the logic M,,
d la Kripke. This will show that some conditions are fulfilled in such a way
that the operators ¢; can be seen as modal.

These models are different from the ones introduced in [4].

m
Definition 7.1 A Moisil n + 1-structure is a poset (K, <) where K = |J K;

i=1
with m > 1 and K; (1 < i < m) is a chain with at most n elements. Fach
element of any chain will be called a chain link and K will be said a set of

possible worlds.

To sum up, a Moisil n + 1-structure is the cardinal sum of chains with at
most n links.
Now, we shall introduce the concept of semantic models for the M, 11.
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Definition 7.2 A Moisil model of order n + 1 is a system (K,<,a) where
(K, <) is one chain of one Moisil n + 1-structure. We shall assume that K =
{er}iy for some 1 <r < n and that k; < kj iff i < j. An assignment is a map
a= <az,alz> for 1 <k <r formed by a pair of applications from the product
K x Var into the set {0,1} where Var is the set of propositional variables.

There is a unique extension v = <v,j,v,;> of a such that v is a homo-
morphism from K x Fm to {0,1}. We shall say that v is a valuation. This
extension can be constructed inductively in the following way:

(V1) vif(p) = af (p) and v;, (p) = aj, (p) where p is a propositional variable.

(V2) v} (p\/q) =1 iﬁvk( )=1 orvk( ) = 1. Otheruwise, v,j(p\/q) =0.
v, (pVq) =0 iff v, (p) =0 and v (q) = 0. Otherwise, v, (pV q) = 1.
(V3) v} FpAq)=14ff vy Fp) = and vy (q) = 1. Otherwise, Ulj(p/\ q) =0.
”k_(p q)=0 iff vy (p) =0 or v (g (q) = 0. Otherwise, Uk_(p/\ q) = 1.
(V4) U;:F(Np) =1 ff v; F(p) = 0. Otherwise, v]j(wp) =0.
v, (~p) =0 iff v, (p) = 1. Otherwise, v, (~p) = 1.

(V5) v (gip) = 1 iff v (p) = 1 for all v € {i,....n} iff v, (p) = 1 for some
re{l,...,i}. Otherwise, v,j(cbip) =0.
v, (¢ip) = 0 iff v (p) = 0 for all v € {i,...,n} iff v, (p) = 0 for some
re{l,...,i}. Otherwise, v, (¢;p) = 1.

(V6) v,":(wqb,;p) =1 iff vlj(qbip) = 0. Otherwise, U:(Nqbip) =0.
v (~oip) = 0 iff v (¢ip) = 1. Otherwise, v,j(wgbip) =1.

(V1) vif(p = q) =1 iff v} (p) = 1 implies v} (q) = 1. Otherwise, v} (p — q) =
0.

v (p— q) = 0 iff v (p) = 0 implies v; (q) = 0. Otherwise, v; (p — q) =
1.

Recall that in (V6) ~ is the Boolean complement.

Definition 7.3 We shall say that the formula o — [ is valid, noted =, o — f
if and only if for every Moisil n+ 1-structure; every valuation v = (v,j’, v ) jqs
and every k,

(v (), vy, () = (1,0) implies (v (B), vy, (8)) = (1,0)

Taking into account (V5) and Kripke’s interpretation of modal operators we
can interpret ¢ as a necessity operator, ¢, as a possibility operator and ¢; for
1 < i < n as some intermediate graduation between necessity and possibility.
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Lemma 7.4 Let « € Fm. If there is a formal proof for o in M1, i.e.
Fni1 @, then =pq1 a.

Proof. It is not difficult to see that all axioms of M,, are valid and that
the rules preserve validity in every Moisil n + 1-structure. As an example,
we shall see that (A16i) is valid. Suppose that v,j(a A ~oiae N ¢ip1B) = 1
and v} (8) = 0 in some chain of some Moisil n 4+ I-structure. Then, by (V4),
v (@) =1, v (¢ia) = 0 and v}f (¢;418) = 1. If k <4, from v (a) = 1, by (V5),
we have that v,j(gbia) = 1 which is a contradiction. Then k £ 7, i.e., k > i+ 1,
but then v} (¢;413) = 1 contradicts v (8) = 0, by (V5). Analogously, we work
with v~ |

Reciprocally, every formula that is valid in every Moisil n + 1-structure
is also valid in the Moisil n + 1-structure formed by the prime filters of the
Lindenbaum algebra L"*!; and therefore it is a theorem of M, 1.

In order to present a completeness theorem we are going to construct a
canonical Moisil n + 1-structure for the logic M,,. This canonical model will
verify the following fundamental property:

Frniia— 8 iff «a— B is valid in the canonical model.

Let Prnt1 the set of all prime filters of the of L"!. We already know that
this set is a cardinal sum of chains with at most n elements. It can be seen
without any difficulty that Pr.+1 is a Moisil n + 1-structure.

Consider now the following assignment from one chain of Pyrnt1:

a = (af (p), a;, (p)) = (1,0) iff (|p],|~p|) € k.

The classic argument here is the following: if « is not a theorem of M, |
then || # 1, then there is a prime filter that contains 1 but do not contain |«|.
This prime filter belongs to every canonical model obtained from L"*!, where
« is not valid. Therefore, we have:

Lemma 7.5 Let o € For. If Fpt1 o then Fpypg .

8 Conclusions

We applied successfully the technique of tuples to represent Lukasiewicz-Moisil
algebras of order n + 1 and in this way we provide a very suitable semantic
model to the n 4 1-valued logic M,,41.
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We have shown that, when we are dealing with many valued logics, more
than two axes in the product structure can be very suitable for describing the
logic as well as the algebraic structure naturally associated to it. In many
cases, these models have shown to be simpler, needing simpler technical work
since the study is reduced to the axes which usually are well-known algebraic
structures. Besides, it is semantically clearer when we are trying to determine
the logical values of propositions.

We think that these ideas can be explored in order to provide new algebraic
semantic models for a wide number of non-classical logics.
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