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Principal and Boolean congruences on Mj3;—lattices
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Abstract

In 2018, A. V. Figallo and M. A. Jiménez presented a Priestley-style topolo-
gical duality type for the Ms—lattices (see [4]). In this work we continue with
the study and describe the principal and Boolean congruences, through the open
and closed of the associated Priestley space. Among other results, we prove that
both coincide and are associated with ideals generated by the Boolean elements
of the algebra, being able to precisely determine what these elements are.

Keywords: Ms;—lattices, principal congruences, Boolean congruences, Priestley spaces.

Introduction

The class of the M;s-lattices was defined by Figallo, at the suggestion of A. Monteiro,
in [1] and his consideration was motivated by the implementation of certain trivalent
switching circuits.

In the aforementioned work, with the aim of finding the simple algebras and
proving that the variety was semisimple, Figallo introduced the notion of n-ideal (prime)
of an Ms—lattice L, as an ideal (prime) N of L that verifies: if x € N, then ~ z € N,
or equivalently, x € N implies Vx € N.

In alater paper ([3]), A. V. Figallo defined: (I) z|y = 2 AA(~ (xVVY)V ~ (yV ~ x))
and proved that if (L, A,V,~, A 0) is an Mz—lattice with greatest element 1, then
(L,\,V,0,1) is a Brouwer algebra.

This fact allowed him to characterize the congruences using operation (I), and the
notion of n-ideal that he had introduced. Demonstrating that the variety is semisimple
and that the only simple algebra is (T, A, V,~, A, 0), where T is the chain with three
elements {0,1/2,1} with 0 < 1/2 < 1 and the operations ~ and A are defined in the
following table:
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T ‘ ~T ‘ Az
0 0 0
121 1 | 0
1 |1/2] 1

He also proved that (T,A,V,—,V,0,1) is a trivalent Lukasiewicz algebra in the
sense of [5], where operations V and — are defined as follows:

(i) Vo = =z,
(i) —z = (-2 — 2) A (z — ).
being
(i) 2 — y = A~(zV ~1) Vy,
(iv) ~x = A~(Vz V ~1)

From this result, taking into account a theorem of representation that Figallo had
demonstrated for these algebras, he was able to assure that if V and — are indicated
in (i) and (ii) respectively, and (L, A, V,~, A, 0) is an Ms—lattice with last element 1,
then (L, A,V,—,V,0,1) is centered trivalent Lukasiewicz algebra, with center ¢ = ~1.

In this paper we provide a description of the principal congruences in the bounded
Ms—lattices, based on the characterization of the congruency lattice we had previously
obtained, via Priestly topological duality type, for this class of algebras (see [4]).

This article has been organized as follows. In Section 2 we introduce the defini-
tion and properties of M3—lattices given by Figallo and we briefly describe the duality
previosly obtained for bounded Mjs—Ilattices. In Section 3, we show another character-
ization of the M3—congruency lattice in terms of the open subsets of their associated
topological space. In Sections 4 and 5, applying the results obtained in the previous sec-
tion, we describe the principal and Boolean congruences, through the open and closed
of the associated Priestley space. Among other results, we prove that both coincide
and are associated to ideals generated by the Boolean elements of algebra, being able
to precisely determine what those elements are.

1 Preliminaries
Let’s remember that an Ms—lattice is an algebra (L, A,V,~, A, 0) type (2,2,1,1,0)
such that the reduct (L, A,V,0) is a distributive lattice with least element 0 and it

satisfies the following identities:

(M1) A(x A ~z) =0,
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M2

(M2) ~ o =
(M3) = Az V ~Vz, where Vo = z V ~u,
(M4) ~AzV Az = A,

(M5) AVz = Vz,

(M6) A(zVy)=AxV Ay,
(M7) V

(x Ny) =V AVy.

If (L,A,V,~, A\, 0) is an M3—lattice such that the reduct (L, A, V) is a distributive
lattice with greatest element, we say that is a bounded Ms—lattice and we denote with
M3 the variety of the bounded Mjz—lattices.

In [6] we present an extension of Priestley duality for the bounded distributive
lattices, in the case of Mjz—lattices. To do this we introduce the category i3 of
Ms—spaces and Mz—functions, where a Ms—space is a triple (X, 7, <) such that:

(MP1) (X, 7, <) is a Priestley space.

(MP2) (X, <) is the cardinal sum of a family of chains, each of which has exactly two
elements,

(MP3) for each U € D(X) (where D(X) denote the bounded distributive lattice of the
open, closed and decreasing subsets of X) the following properties are verified:

(a) (MxU] is an open and closed subset in X,

(b) [mxU)\ MxU is an open and closed subset in X, where MxU = maz XNU,
mxU = min XNU and max X (min X) denote the set of maximal (minimal)
elements of X.

On the other hand, an Mj-function of an Mjs-space (X,7,<) in an
Ms-space (X', 7/, <), is a increasing continuous function h : X — X’ such that for all
V € D(X') are verified:

(MF1) (Mxh™' (V)] = h=H((Mx:V]),
(MF2) [mxh™ (V) \ Mxh™ (V) = b~} ([mx/V) \ Mx/V).

Then we proved:
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(DP1) If (L,A,V, A\, ~,0,1) is an Ms—lattice with last element, then the set Z,(L), of
the primes ideals of L, ordered by the inclusion relation and endowed with the
topology 7 having as a subbasis the sets

(A1) op(a) ={I€Z,(L):a¢g 1} and Z,(L)\ or(a), for each a € L,

is an Ms-space, called the M;z-space associated with L. Also the application
or: L — D(Z,(L)) defined as in (A1), is an Ms-isomorphism.

(DP2) If (X, 7,<) is an M;s-space, and for each U C X, we define:

(D) A*U = (MxU],
(N) U = [mXU)\MxU,
(B) V*U =UU-U,

then (D(X),N, U, A* =, 0, X) is a bounded Ms-lattice.

Then we demonstrate, in the usual way, that the category 93 is dually equivalent
to the category Mg of M;z-lattices and M3z-homorphisms.

One of the important facts of Priestley duality is that if L is a bounded distributive
lattice, there is a biunivocal correspondence between the congruences of L and the
closed subsets of Z,(L), more precisely H. A. Priestley ([6], [7], [8]) proved that if ¥ is
a closed subset of Z,,(L), then

(A3) ©(Y)={(a,b) e Lx L:op(a)NY =0o(b)NY},

is a congruence over L. Conversely, if 6 is a congruence of L and ¢ : L — L/0 is the
canonical epimorphism, then

(A4) Y ={q7'() : T € L,(L/6)},

is a closed subset of Z,(L) such that ©(Y) = 6 and the correspondence ¥ — O(Y'),
establishes an isomorphism between C(Z,(L)), the lattice of the closed subsets of L,
and the dual of the lattice Con(L) of the congruences on L.

The notion of A—involutive set of an M;z-space associated X, as subsets Y of X such
that A*Y =Y, allowed us to characterize the lattice of Ms—congruences as follows:

Theorem 1.1 Let L € M3 and Z,(L) be the Ms—space associated to L. Then the lat-
tice Ca(Zy(L)) of the all closed and A—involutive subsets of T,,(L), is isomorphic to the
dual of the lattice Conn, (L) of Ms—congruences, and the isomorphism is established
by the function ©ca defined by the same prescription as that given in (A3).
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It is worth mentioning here that the A—involutive sets also admit the following
characterization:

(A5) Let X be an Ms—space andY be a non-empty subset of X. Then the following
conditions are equivalent:

(i) Y is A—involutive subset,
(i) Y is increasing and decreasing subset,

(iii) Y is a cardinal sum of a family of chains, each of which has exactly two elements.

Before the end of the section we will set some notations necessary for the following. If
K is a class of algebra and A € K, we indicate with Cong(A) the set of congruences on
A, or also K —congruences in order to highlight the class of algebras we are considering.
In case this is not necessary we will simply write Con(A). Also, in general, if a € A
and 0 is a congruence on A, with |alg, we denote the equivalence class of a. Also if
a,b € A, with ©(a,b) we denote the principal congruence generated by (a,b), that is,
the least congruence such that a and b are in the same equivalence class.

On the other hand, we designate with L, the class of the bounded distributive
lattices (or (0,1)— distributive lattices) and we denote by P(X) the family of subsets
of a set X.

2 Another characterization of the Ms—congruences
lattice

The duality described in Section 1 allowed us to characterize the lattices of the con-
gruences of an Msz—lattice, in term of certain closed subsets of its associated M3—space,
more precisely the closed and A—involutive subsets.

Below we prove that this can also be done with open and A—involutive subsets of
the associated with an Ms—space.

Lemma 2.1 Let L € Mg and Z,(L) be the Ms—space associated with L, then for all
UV eP(Z,(L), A(U\V)=AL0*U\ AV.

Proof. Let x € A*(U \ V), then there is y € maz Z,(L) N (U \ V), such that = < y.
Then it is clear that there is y € maxZ,(L) NU such that + < y and consequently
r e AU. If x € A*V, we would have that there is z € mazZ,(L) NV such that
r < z, from where analyzing the different cases that arise: (a) x < y and z < z,
(b)x <yand x =2z, (¢c) x =y and x < z, (d) x = y and x = z, we would arrive to
contradictions. So z € A*V and thus x € A*U \ A*V.
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For the other inclusion, let’s consider (1) x € A*U \ A*V. Then there’s y €
max L,(L) N U such that x < y. If y € V, it would verify that y € maxZ,(L) NV,
which would imply that x € A*V that contradicts (1). Then y € (U \ V) NmazZ,(L),
and therefore z € A*(U \ V') holds. |

Corollary 2.2 Let L € M3 and Z,(L) be the Ms—space associated with L. Then, G
is an open and A—involutive subset of I,(L), if and only if Z,(L) \ G is a closed and
A—involutive subset of I,(L).

Proof. Let G be an open and A—involutive subset of Z,(L), then Z,(L)\ G is a closed
subset of Z,(L). Furthermore, by Lemma 2.1, we have that A*(Z,(L)\G) = (A*Z,(L))\
(A*G) and since Z,(L) and G are A—involutive sets, we get A*(Z,(L)\G) = Z,(L)\ G,
from which we conclude that Z,(L) \ G is A—involutive subset of Z,,(L). The reciprocal
is analogous. |

Lemma 2.3 Let L € M3 and I,(L) be the Ms—space associated with L. If Y is a
closed subset of Z,,(L) and a,b € L, the following conditions are equivalent:

(i) op(a)NY =0 (b)NY,
(ii) (op(b)Aop(a)NY =0,

(iii) (op(b)Aor(a)) < I,(L) \'Y, where op(b)A,or(a) is the symmetrical
difference of o (b) with or(a).

Proof. It is routine. [ ]

Theorem 2.4 Let L € M3 and I,(L) be the Ms—space associated with L. Then the
lattice On(Z,(L)) of open and A—involutive subsets of T,,(L) is isomorphic to the lattice
Conm, (L) of Mg—congruences on L, and the isomorphism is established by the function

Oon defined by:
(A3") ©oa(G) ={(a,b) e Lx L: (or(b)Aor(a)) C G}.

Proof. It is a immediate consequence of Lemma 2.3, Corollary 2.2 and
Theorem 1.1. |
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3 Principal M3—congruences

In this section we characterize closed and /AA—involutive subsets and open and A—involutive
subsets of Ms—space associated with an Msz—lattice, which correspond to principal
M3 —congruences under the duality.

With this purpose, we will start by introducing the following results that are
necessary for the determination of the principal congruences.

Proposition 3.1 Let L € M3 and let Z,(L) be the Priestley space associated with L.
Let I C L be an ideal and o(I) = {I, € T,(L) : I C I,}. Then the following properties
are fulfilled:

(i) o(I) is closed and increasing subset of Z,(L).

(ii) 6(I) = ©(c (1)), where 8(I) = {(a,b) € L* : there exists i € I such that aV i =
bV i} is the congruence associated with the ideal I, and ©(o(I)), the congruence

defined as in (A3).

Proof. (i): It is easy to see that o(I) is an increasing set in Zp(L). On the other
hand, if I, € Z,(L) \ o([), there is a € L such that (1) a € I and a ¢ I, therefore
I € or(a), it also verifies that op(a) C Z,(L) \ o(I). In fact, if I) € or(a), then a & I]
and from (1), I,/ & o(I). Therefore o(I) is a closed subset of Z,(L).

(ii): Let us consider I C L an ideal and a,b € L such that (a,b) € 0(I). Then there
is (1) i € I such that (2) aVi=">bVi. Let I, € o(I) Nor(a), then (3) I C I, and
a ¢ I,, of this last we see that a Vi ¢ I,. Taking into account (2), it is verified that
bVi ¢ I, from where by (1) and (3) b ¢ I,. So that’s I, € o(L) No(b). The other
inclusion is proved in an analogous way, therefore or(a) No(I) = or(b) No(I), and so
it is demonstrated that (a,b) € O(o(I). Then 6(I) C O(a(1)).

For the other inclusion let us consider a,b € L such that (4) (a,b) € ©(c(I)) and
suppose that (a,b) ¢ 0(I). Then for all ¢ € I, a Vi # bV i which means that for all
i€l,aviLbVi,orforalliel, bVi<LaVi.

Suppose that for all ¢ € I, a Vi £ bV i, then for all i € I, a £ bV i, and then
a ¢ I(1U{b}), being I(1 U{b}) the ideal generated by I U {b}. Then, as a consequence
of the Birkhoff-Stone Theorem, there is I, € Z,(L) such that [(IU{b}) C I, and a ¢ I,,.
Therefore I, € o(I) Nor(a) and I, ¢ oy, (b), which implies I, ¢ o, (b) No(I). We have
so or(a) No(l) # or(b) No(I), from where (a,b) ¢ ©(o(l)), which contradicts (4).
If we assume that for all i € I, bV i £ a Vi, we get in an analogous form a similar
contradiction, so (a,b) € 0(I). |

Proposition 3.2 Let L € L, Z,(L) be the Priestley space associated with L and Y C
Z,(L), then the following conditions are equivalent:



8 A. V. FiGaLLO, M. A. JIMENEZ AND I. PASCUAL

(i) Y is a closed and increasing subset of Z,(L),
(ii

)

) if I, ¢ Y, then there exists U € D(Z,(L)) such that I, € U and UNY =0,
(iii) of I, ¢ Y, there exists a € L such that a ¢ I, and a € Z, for all Z, € Y,

)

(iv) there is an ideal I of L such that o(I) =Y, and, in addition, I = [ Q.
QeY

Proof. (i) = (ii): Let Y be a closed and increasing subset of Z,(L), such that
I, ¢ Y. Then as Y is increasing, for all Z, € Y, Z, Z I,, which implies, because it is a
Priestley space, that for each Z, € Y, there is Uy € D(X) such that Z, ¢ Uy and (1)
I, € Uy. From the above we have to (2) Y C |J (Z,(L) \ Uyz).

ZpeY
On the other hand since Y is a closed subset of compact space Z,(L) then Y is compact,

and therefore from (2), there are Zy, Zs, ..., Z,, such that (3) Y C Z,(L)\ () Uz. So if
i=1

U= Uz, by (1) and (3), we have that I, € U and UNY = .
i=1
(i) = (ili): Let I, ¢ Y, then for (ii), there is U = o(a) € D(Z,(L)) such that I, € U
and UNY = (. Then there is a € L such that a ¢ I, and a € Z,, for all Z, € Y.

(iii) = (iv): It is clear that I = () @ is an ideal of L, such that @ € o([) for all
QeYy
() € Y, which implies that Y C o(/). In order to prove the other inclusion, let (1)

I, ¢ Y, then for (iii), there is @ € L such that (2) a ¢ I, and a € Q for all Q € Y,
therefore (3) a € I. From (2) and (3), I € I,, resulting (4) I, ¢ o(I). Finally by (1)
and (4) we have to Z, \ Y C Z,(L) \ o(I), and therefore (1) C Y.

(iv) = (i): It is verified by part (i) of Proposition 3.1. |

In order to characterize the principal congruences on an Mjs-lattice through duality,
we had to use the notion of convex set, whose definition we give below.

Definition 3.3 Let (X, <) be an order set. A subset Y of X is convez, if xt,y € Y and
r<z<vy, implies z €Y.

Remark 3.4 If L € M3 and Z,(L) is its associated Ms—space, then all subset Y of
Z,(L) is convex, for being the space, a cardinal sum of chains which has ezactly two
elements.

Proposition 3.5 If R is an open, closed and convex set in a Priestley space X and
D(X) is the set of open, closed and decreasing subsets of X, then there are U,V € D(X),
such that U CV and R=V \U.
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Proof. It is a consequence of the following results, whose demonstration we expose
in each case:

(i) (R] = {z € X : there is y € R such that z < y} is a closed set in X:

Let z € X \ (R], then z £ y for all y € R. Since X is disconnected in the order,
for each y € R there is U,, € D(X) such that y € U,, and = ¢ U,,. Consequently,

R C |J U,, and since X is compact, there are y1, o, ..., yn € R, such that R C |J U,y,.
yeR i=1

Let U = |J Uyy,, then V = X'\ U is an open and increasing set, x € V and (1) RNV = 0.

=1
Suppose that (R]NV # 0, then there is z € X such that z € (R] and z € V. Therefore
there is s € R such that z < s and for being V increasing set, s € V. Then s € RNV,
which contradicts (1), therefore V' C X \ (R]. Hence, for each x € X \ (R], there is V,
open set in X, such that € V and V' C X \ (R], which implies that X \ (R] is an open
set in X and so (R] is a closed set in X.

(ii) (R] \ R, is decreasing:

Let (1) z € (R]\ R and y € X such that y < z. Then there is z € R such that
xr < z and consequently y < x < z with z € R, which implies that y € (R]. If y € R,
x € R because R is compact, which contradicts (1). So y € (R] \ R.

(iii) There is U € D(X) such that (a) (R]\ R C U and (b) RNU = {):

Let x € Rand y € (R]\ R. As (R]\ R is decreasing we have to x £ y. Then for
every y € (R]\ R there is U,, € D(X) such that y € U,, and = ¢ U,,,, which implies
that (1) (R]\ R € | U,,. For being R and (R)] closed set of X, it is verified that

YyER
(2) (R]\ R is compact and therefore of (1) and (2), there are yi,9s,...,y, € R, such

that (R] \ R C UUIy It is clear that for every x € R, there is U, = Uny € D(X),
such that (3) ( ]\RCU y ¢ € X \ U,. It turns out that R C U(X\U)andasR

zER

m
is compact, there are x1,zs,...,z,, € R such that R C |J(X \ U,,) or the equivalent
i=1

4 RCX\(NOU,) fU=NU, € D(X), by (3) and (4), (a) and (b) hold.
i=1 i=1

(iv) V.= RUU € D(X) and V \ U = R, where U is the set whose existence
assures (iii): Since R is an open and closed set, we can say that V = RUU is an open
and closed subset of X. We will prove that V' is decreasing. Let x € V and y < x. We
distinguish two cases: (a) z € U or (b) x € R.

If (a) occurs, it is clear that y € V, for being U decreasing. If (b) is verified, we have
that y € (R]. Then if y € R turns out that y € V. If it were y ¢ R, it is verified that
y € (R] \ R, from which by (iii), y € U and therefore y € V, with which it is demon-
strated that V € D(X). Besides, from (b) of (iii), it is immediate that V' \ U = R. R
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In [3], Figallo proved that if L is an Ms—lattice, the set K(L) = {Ax : x € L},
of the invariant element of L, is a generalized Boole algebra. In this fact, if L has as
its greatest element 1, it is verified that 1 € K(L), and therefore [0,1] = {z € K(L) :
0 <z < 1}, that coincides with K (L), is a Boole algebra, such that if x € K (L), then
T = A~(x V ~1) is its Boolean complement.

Proposition 3.6 Let L € Mj, I,(L) be its Ms—associated space and op, : L —
D(Z,(L)) given as in (Al) of the Section 1. Then the restriction of the function oy, to
K(L) is a Boolean isomorphism and for all d € K(L), T,(L) \ or(d) = o1(d), where d
is the Boolean complement in K(L).

Proof. To prove that the restriction of o, to K (L) is a Boolean isomorphism we only
need to prove that for all « € K (L), o(x) € K(D(Z,(L)) and 01(T) = o (z), where
or(z) is the Boolean complement of oy (z) in K (D(Z,(L)).

First of all note that if x € K(L), then Az = x and since the application
o : L — D(Z,(L)) is an Mz—isomorphism, we have to o.(z) = A*or(z), result-
ing in this way that o (z) € K(D(Z,(L)).

Consequently, since the restriction o |K (L) : K(L) — K(D(Z,(L))) is a bounded
lattices homomorphism between Boole algebras, then op|K (L) also preserves the com-
plement, that is, 0, (%) = o(A~(zV ~1)) = A*=(op(x) U-Z,(L)) = or(x). Therefore
or|K(L) is a Boolean isomorphism.

Let us see now that Z,(L) \ o1(d) = o(d), for all d € K(L). Let P € Z,,(L) \ o,(d)
with d € K(L). If d € P, since d € P, then dVd = 1 € P. Therefore P would not
be an proper ideal, which contradicts that P is a prime ideal. Then P € o(d). Let
us prove the other inclusion. Let P € o(d), then d ¢ P. Since 0 = d Ad € P, and
P is prime ideal, it is verified that d € P. Hence P ¢ o (d), which is equivalent to
PeZ,(L)\oL(d)). |

Remark 3.7 If L is an Ms—Ilattice and ©(a,b) is a principal congruence, we can
assume that a < b, otherwise we consider a N b and a V b, because
O(a,b) =O(aNb,aVDb).

Lemma 3.8 Let L € Mg, Z,(L) be the associated Ms—space with L and a,b € L such
that a < b. If Y is a closed and A—involutive subset of I,(L), then the following
conditions are equivalent:

(i) (a,b) € ©ca(Y),
(ii) (op(b)Aop(a)NY =0,
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(iii) (or(b) \ or(a)) NY =0,
(iv) (a,b) € Ooa(Z,(L)\Y).

Proof. It is a direct consequence of Lemma 2.3 and Theorem 2.4, because taking
into account that oy, : L — D(X (L)) is a lattice isomorphism, if a < b, we have that

or(a) Cor(b), hence o (b)Aor(a) =or(b) \ or(a). [

Definition 3.9 Let X be an Mz—space and let Ca(X) be the family of all closed and
A—involutive subsets of X. We say that Y € Ca(X) is mazimally disjointed with a
subset R of X in Ca(X), if Y NR =0 and for all Z € Ca(X) such that ZNR =10, is
verified that Z C Y.

Lemma 3.10 Let L € M3 and let Z,(L) be the Ms—space associated with L. For every
a,b € L such that a <b, if Y € Ca(Z,(L)) the following conditions are equivalent:

(i) ©ca(Y) =0O(a,b),
(ii) Y us mazimally disjointed with the open and closed set or,(b)\or(a) in Ca(Z,(L)).

Proof. (i) = (ii): Let Y € Ca(Z,(L)) such that ©ca(Y) = O(a,b) with a < b and
let F' € CaA(Z,(L)) be disjointed with o,(b) \ or(a). From Lemma 3.8, we know that
Y N (op(b) \ or(a)) = 0 and that (a,b) € Oca(F). Consequently Oca(Y) C Oca(F)
and as ©¢a is an antiisomorphism, it is verified that /° C Y. Thus (ii) holds.

(ii) = (i): We consider that Y is maximal in the family of subsets of Z,(L) closed,
A—volutive and disjointed with o,(b) \ o.(a). Then for Lemma 3.8, Oca(Y) is an
Mjs—congruence such that (a,b) € Oca(Y) and therefore O(a,b) C Oca(Y). Be-
sides, for Theorem 1.1, there is a closed and A—involutive subset F' of Z,(L) such that
O(a,b) = Oca(F). Therefore we have that Oca(F) C ©ca(Y). From this last asser-
tion, as ©¢a is an antiisomorphism, it turns out that (1) Y C F. On the other hand
as (a,b) € Oca(F), it is verified that (2) F N (o(b) \ or(a)) = 0. Hence, by (1), (2)
and the maximality of Y, we have that Y = F" and consequently ©(a,b) = Oca(Y). B

Proposition 3.11 Let L € M3 and let Z,(L) be the Ms—space associated with L. If
Y € CaA(Z,(L)), then the following conditions are equivalent:

(1) ©ca(Y) is a principal Ms—congruence on L,

(ii) there is an open and closed subset R of Z,(L), such thatY is mazimally disjointed
with R in Ca(Z,(L)).
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Proof. (i) = (ii): It follows from Lemma 3.10, where R = o(b) \ o (a).
(ii) = (i): Let Y € Ca(Z,(L)) such that there exists R C Z,(L) which verifies:

(a) R is an open and closet set,
(b) YR =0,
(c) if F € CA(Z,(L)) and FNR =0, then F CY.

From (a), Proposition 3.5 and Observation 3.4, there are U,V € D(Z,(L)) such that
U CVand V\U = R. Then there are a,b € L with a < b such that U = o(a)
and V' = o (b). Besides, by (b) and Lemma 3.8, we obtain (1) (a,b) € ©Oca(Y).
Let (2) ¥ € Conmy(L) such that (3) (a,b) € ¢. Then, for Theorem 1.1, there is
F € Ca(Z,(L)) such that ¥ = ©¢a(F), which implies (a,b) € Oca(F) and conse-
quently, for Lemma 3.8, (o4 (b) \ o(a)) N F = (. From the latter results, by (c), that
F CY, and since O¢n is an antiisomorphism we have that (4) Oca(Y) C Oca(F) = 9.
Then, from (1), (2), (3) and (4), we infer that Oca(Y) = Ocala,b) and therefore it is
a principal Mz—congruence. ]

Proposition 3.12 Let L € M3, Z,(L) be the Ms—space associated with L and a,b € L
such that a < b. If G € Oa(Z,(L)), then the following conditions are equivalent:

(i) Ooa(G) =06(a,b),

(ii) G is least element of Oa(Z,(L)), in the sense of inclusion, which contains
or(b) \ o(a).

Proof. (i) = (ii): Let G € Oa(Z,(L)) such that ©pa(G) = O(a,b). Since
(a,b) € Ooa(G), then by Lemma 3.8, it is verified that (1) (o.(b) \ or(a)) C G.
On the other hand as ©pa(G) = Oca(Z,(L) \ G), then Oca(Z,(L) \ G) = O(a,b)

and by Lemma 3.10, F = Z,(L) \ G is maximally disjointed with o.(b) \ or(a) in
CA(T, (L))

Let G" € Oa(Z,(L)) such that or(b) \or(a) € G, then (2) (o.(b)\or(a))N(Z,(L)\
G')=0and (3) F' =Z,(L) \ G' € CA(Z,(L)).

Hence, from (2) and (3), for the maximality of F', it turns out that Z,(L) \ G’ C
Z,(L) \ G and consequently G C G’. Therefore, by (1), G is the least element of subset
of Oa(Z,(L)), in the sense of inclusion, which contains o,(b) \ o (a).

(ii)) = (i): From the hypothesis (o.(b) \ or(a)) C G, by Lemma 3.8, we have that
(a,b) € ©oa(G). On the other hand, if ¥ € Conpg (L) is such that (a,b) € 9, then
by Theorem 2.4, there is G’ € Oa(Z,(L)) such that ¥ = ©pa(G’) and by Lemma 3.8,

or(b)\ or(a) C G
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From the latter, taking into account that G is the least set which contains o, (b) \
or(a), we infer that G C G’ and consequently, as ©pn is an isomorphism, we have that
Oon(G) € Oon(G).

This way allow us to conclude that ©Opa (G) is the least Mg—congruence which con-
tains the par (a,b) and therefore Opa(G) = O(a, b). |

Proposition 3.13 Let L € M3, Z,(L) be the Ms—space associated with L and a,b € L
such that a < b. If G € Oa(Z,(L)), then the following conditions are equivalent:

(i) Ooa(G) =06(a,b),

(i) G = U G, where C; is a mazimal chain in Z,(L), V = or(b) and U =
Cin(V\U)#0

or(a).

Proof. (i) = (ii): Let ©pa(G) = O(a,b), then by Proposition 3.12, G is the least
subset of O (Z,(L)), in the sense of inclusion, which contains o, (b) \ o1(a) and, as G
is an A—involutive set of Z,(L), by (A5), G = | C;, with C; maximal chains (chains
el

of two-element), for all i € I.

On the other hand, since or(b) \ or(a) C G, there is a set Iy C I such that
CiN(o(b) \ or(a)) #0, for all i € Iy, and |J C; C G.

i€ly
Suppose now, that |J C; C G, then there is (1) P € G and j ¢ Iy, such that the
i€lp

maximal chain C; C G verifies that (2) P € C; and C; N (0(b) \ or(a)) =0. As Z,(L)
is a space T5, all finite set is closed, consequently C; is closed and also A—involutive
set.

Then Z,(L) \ C; is an open and A—involutive subset of Z,(L) such that o (b) \
or(a) € Z,(L)\C;. By the minimality of G, we get that G C Z,(L)\C}, or the equivalent
(3) C; CZ,(L)\ G. Therefore, from (2) and (3) we conclude that P € Z,(L) \ G, which

contradicts (1). So G = U G, where C; is a maximal chain in Z,(L), V = o,(b)
Cin(V\U)#0
and U = o(a).
(ii)= (i):  Assume that G = U  C;, with C; maximal chain in Z,(L), being
CiN(U\V)#0

V =o0(b) and U = or(a). Let us prove that V' \ U C G.
Let P € V \ U. Since the space is the cardinal sum of chains of two-elements, we
infer that P € Cp, being Cp the chain of two-elements that contains to P. Therefore,

CiN(V\U)#£0
Let G' € Oa(Z,(L)) such that (1) V\ U C G'. Then we have that G C G.
Indeed, suppose that R € G = U C;, then there is ig such that R € C;, and
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(2) C;, N (V\U) # 0. Then, by (1) and (2), C;, NG’ # 0 and, as G’ is an A—involutive
set, we have that C;, C G’, which implies that R € G.

We have thus proved that G is the least A—involutive set such that o, (b) \ o (a)
G. Hence, by Proposicién 3.12, we conclude that Opa(G) = O(a, b).

HiN

Proposition 3.14 Let L € M3, Z,(L) be the Ms—space associated with L and a,b € L
such that a < b. If G € Oa(Z,(L)), then the following conditions are equivalent:

(i) Ooa(G) is a principal Ms—congruence on L.

(ii) there is an open and closed subset R of Z,(L), such that G = |J C;, with C;
C;NRAD
mazimal chain in Z,(L).

Proof. (i) = (ii): It follows immediately from Proposition 3.13.
(ii)) = (i): Let R be a set such as the hypothesis poses. Then Proposition 3.5 assures us
that there are U,V € D(Z,(L)), such that U C V and R = V'\ U, since, by Observation
3.4, R is a convex set.

On the other hand, since oy, is an isomorphism, there are a,b € L such that a < b,
U=op(a) and V = o(b). Consequently G = U G, with C; maximal chain in

CiN(VA\U)#£D

Z,(L), V =0r(b) and U = o (a).

Then, by Proposition 3.13, we can affirm that Ooa(G) = ©(a,b), and therefore
Ooa(G) is a principal Mz—congruence. [

Proposition 3.15 Let L € M3, Z,,(L) be the Ms—space associated with L and a,b € L
such that a < b. If G € Oa(Z,(L)), then the following conditions are equivalent:

(i) ©oa(G) = 6(a,b),
(i) G = (V*or(b)\ Vor(a)) U (A*oL(D)\ A*oL(a)).

Proof. It results from what was seen in Proposition 3.13 and the fact that
(I) (V*or(b) \ V'or(a)) U (A*op(b) \ A*op(a)) = U ¢, with C; maximal
Clﬂ(V\U)7£@

chain in Z,,(L), U = or(a) and V = o (b).
The demonstration of (I) is long, for this reason we expose it here.
Let U = or(a) and V = o(b).

(i) (Vror(b) \ Vior(a)) U (A%or(b) \ A%or(a)) € U G
CiN(V\U)#£D

(1) z € (Vior(b)\ V'or(a)) U (AToL(b) \ Ator(a)),
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(2) z € (V*or(b)\ V*or(a)) or x € A*op(b) \ A*or(a)), [(1)]
If

(3) w € (Viar(b) \ Vior(a)), [(2)]
(3.1) (a) x € ar(b) or (b) z € o (b), [(3), (DP2) (B)]
(3.2) z ¢ or(a) and x &€ —or(a). [(3), (DP2) (B)]

If in (3.1) occurs (a), then
(3.1.a.1) x € o (b) \ or(a)), [(3.1)(a), (3.2)]
(3.1.a.2) x € C,, where C, is the two-element chain
that contains z, [Z,(L) is an Ms—space]
(3.1.a.3) C, N (o(b) \ or(a)) #0, [(3.1.a.1), (3.1.a.2)]
(3.1.a4) z € C, C U C.. (3.1.2.2), (3.1..3)]
Cin(oL(b)\oL(a))#0

If in (3.1) occurs (b), then
(3.1.b.1) there is y € minZ,(L) N o (b) such that y < z, and
x & maxZ,(L) Nop(b). [(3.1)(b), (DP2) (N)]

If in (3.1.b.1)
(3.1.b.2) x & mazZ,(L),

we have to
(3.1.b.3) x € minZ,(L), ((3.1.b.2), Z,,(L) is an M3—space]
therefore
(3.1.b.4) y =z, [((3.1.b.1), (3.1.b.3)]
(3.1.b.5) z € or,(b) \ or(a), [(3.1.b.1), (3.1.b.4), (3.2)]
(3.1.b.6) = € C,, where C, is the two-element chain
that contains z, [Z,(L) is an Ms—space]
(3.1.b.7) C, N (or,(b) \ or(a)) # 0, [(3.1.b.5), (3.1.b.6)]
(3.1.b.8) z € C, C U c.. (3.1.b.6), (3.1.b.7)]

Cin(or (b)\or(a))#0
If in (3.1.b.1)
(3.1.b.9) = € o1(b),
(3.1.b.10) y < =z, [(3.1.b.1), (3.1.b.9)]

(3.1.b.11) z € C,, where C}, is the two-element chain
that contains v, [(3.1.b.10), Z,(L) is an Mjz—space]
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(3.1.b.12) y € o,(b) \ or(a),
(3.1.b.13) Cy N (or(b) \ or(a)) # 0,

(3.1b.14) z € C, C U Ci.
Cin(or()\or(a))#0

If in (2)
(4) x € N*op(b) \ A*op(a)),

(4.1) z € (Mg, yor(b)],

(4.2) there is y € maxZ,(L) NoL(b) such that x < y.

It

CiN(or(b)\or(a))#0

[(3.1.b.1), (3.1.b.10), (3.2)]
(3.1..11), (3.1.b.12)]
[(3.1.1.11), (3.1.b.13)]

(i) U G (Vor(b)\Vior(a)) U (Aar(b) \ Aor(a)):

CiN(V\U)#£0

(1) z € U i, with C; maximal chain in Z,(L),

CiN(V\U)#£0

(2) there is iy such that z € Cy, and C;,, N (V\U) # 0

3) xeV\UorxgV\U.
If in (3)

(4) x e V\U,

two cases may occur:
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(4.1) (a) mazZ,(L) or (b) x € minZ,(L),

if in (4.1), occurs (a)
(4.2) x € A*V,
(4.3) x & AU,

(4.4) z € AV \ AU,
if in (4.1), occurs (b)

(45) xr &€ mIp(L)V,
(4.6) z € -V C V*V,

Z,(L) is an Ms—space
Z,

[(4.1)(a), (DP2) (D)]
[(4), AU C U]
[(4.2), (4.3)]

[(4), (4.1)(b)]
(4.5), (DP2) (B)]

if
(4.7) = € VU,
(4.8) x € U, [(4), (4.7)]
(4.9) = € mg, )z, U, [(4.8), (4.5)]
(4.10) z € U, [(4.9)]
(4.11) (4.10) contradicts (4),
(4.12) = & V*U, [(4.7), (4.11)]
(4.13) = € V*V\ V*U, [(4.6), (4.12). Z,(L) is an Ms—space]
If in (3)
(5) 2 ¢ VAU,
(5.1) z € Cyy = C, with y € V\ U, (2), (5)]
working analogously to the case (4), from (5.1) we have:
(5.2) y € AV \ AU ory € V'V \ VU, [(5.1)]

taking into account that sets A*Z and V*Z are A-—involutive
for every subset Z of the space, it turns out that

(5.3) z € A*V\A*U or z € V*V \ V*U. [(5.1), (5.2)]
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Corollary 3.16 Let L € M3, Z,(L) be the Ms—space associated with L and a,b € L
such that a < b. If G € Oa(Z,(L)), then the following conditions are equivalent:

(i) ®on(G) =06(a,b),

(ii) G = or(d) with d = (Vb AVa)V (AbA Aa)) € K(L), where Va and Aa are the
Boolean complement in K (L) of Va and Aa respectively.

Proof. It is an immediate consequence of Propositions 3.6 and 3.15. |

Remark 3.17 As a consequence of Proposition 3.6, the set G = or(d) withd € K(L),
is an open, closed and A—involutive subset of Z,(L).

Proposition 3.18 Let L € Ms, let d € K(L) and d be the Boolean complement of d
in K(L). Then the following conditions are equivalent for all Mg—congruence ¢ on L:

(i) »=0O0a(oL(d)),

(i) ¢ = Ocalow(d)),
(iii) ¢ = 0(I(d)), where O(1(d)) is the congruence associated with the ideal I(d)

Proof. (i) < (ii): It results from Theorems 1.1 and 2.4, Lemma 2.3 and Observation
3.17.

(ii) = (iii): Let ¢ = O¢ca(or(d)), with d € K(L). Then Y = o;(d) is a closed and

increasing subset of Z,(L) and by Proposition 3.2, there is the ideal I = [\ @ such
QeYy

that Y = o(I). Let us see what [ = I(d).

Indeed, let # € I(d) and Q € Y, then Q € Z,(L) and d ¢ Q. Since 0 =d A d € Q,

for all Q@ € Y, we have that d € Q for all @ € Y and so z € () Q.
QeY
For the other inclusion, let y € [\ @, then it is clear that (1) y,d € @Q, for all
QeYy
Q e Y. If y £ d, then from Birkhoff-Stone theorem, there is an ideal prime S such

that d € S and y ¢ S. Then S € o(d) =Y and y ¢ S, which contradicts (1). Hence,
y € I(d).
Consequently, Y = o(I(d)), whence ¢ = 6(I(d)) by Proposition 3.1.

(ii)= (ii): Let d € K(L) and ¢ = 6(I(d)), being #(I(d)) the congruence associated
with the ideal I(d). Then by Proposition 3.1, we have that (1) ¢ = ©(a(1(d))).
Besides, (2) o(I(d)) = o1,(d). Indeed: if I € o(I(d)), then I € Z,(L) and I(d) C I.
Then d € I and since [ is an proper ideal, for being an prime ideal, it is fulfilled that
d ¢ 1. Sol € or(d). Reciprocally, if I € o(d), then I € Z,(L) and d ¢ I. Since

0=dAd, results d € I. Consequently I(d) C I and therefore I € o(I(d)).
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Then, by (1), (2) and Observation 3.17, we infer that ¢ = O¢a (0 (d)). |

Proposition 3.19 Let L € Ms and Z,(L) be the Ms—space associated with L. If
G € Oa(Z,(L)), then the following conditions are equivalent:

(i) Ooa(G), is a principal Mg—congruence on L,
(i) G is an open, closed and AN—involutive subset of T,(L).

Proof. (i) = (ii): By Corollary 3.16, we know that if Opa(G) is a princi-
pal Mjz—congruence, say ©Ooa(G) = O(a,b), with a < b, then G = o(d) with
d = (VbAVa)V (AbA Aa) € K(L). From the latter, by Observation 3.17, we in-
fer that G is an open, closed, and A—involutive set of Z,(L).

(ii) = (i): Let G be an open, closed and A—involutive subset of Z,(L), then by Propo-
sition 3.5, G = V \ U, where U,V € D(Z,(L)), U CV,V = o.(b) and U = o(a),
with a,b € L. Since G is also A—involutive subset, then by taking into account Lemma
2.1 it is verified, G = A*V \ A*U. On the other hand, by (DP2), we can prove that
VVA\ VU C A*V\ A*U. Then, G = (V*or(b) \ Vior(a)) U (A*or(b) \ A*or(a)),
hence Opa(G) is a principal Ms—congruence, by Proposition 3.15. [

Theorem 3.20 Let L € M3 and let Z,(L) be the Ms—space associated with L. Then,
the lattice OCA(Z,(L)) of open, closed and A—involutive subsets of Z,(L) is isomorphic
to the lattice Conngp(L) of principal Ms— congruences on L, and the isomorphism is
established by the function ©pcn : OCA(Z,(L)) — Conmgp(L) defined by the same
prescription as the function Ooa given in (A3’).

Proof. It is a consequence of Theorem 2.4, Proposition 3.19, and the fact that

OCA(Z,(L)) is a sublattice of O (Z,(L)). |

Corollary 3.21 The lattice of the principal congruences of a bounded Ms—lattice is a
Boolean algebra.

Proof. It is an immediate consequence of Theorem 3.20, taking into account that
the lattice of open, closed and A—involutive subsets of its associated Ms;—space is a
Boolean algebra. |

Remark 3.22 The following properties are satisfied in every bounded Ms—lattice:
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(i) the intersection of a finite number of principal Mz— congruences is also a principal
M3 —congruence,

(i) the principal Ms—congruences are Boolean.

Proposition 3.23 Let L € M3 and let Z,(L) be the Ms—space associated with L. If
G is a subset of Ip(L), then the following conditions are equivalent:

(i) G is an open, closed and AN—involutive subset of Zp(L),

(i) there ezists a € K(L) such that G = o(a).

Proof. (i) = (ii): Let G be an open, closed and A—involutive subset of Zp(L), then,
in particular G is an open, closed and decreasing subset. Since o is an isomorphism
between L and D(Zp(L)), there is a € L such that G = or(a). On the other hand, as
G is A—involutive subset, it is verified that G = A*G, and consequently G = o1,(Aa)
with Aa € K(L).

(ii) = (i): By hypothesis, there is a € K(L) such that G = or(a). Then a = Aa
and G = or(Aa) = A*op(a). Hence, G is an open, closed, and A—involutive subset of
Z,(L). |

Theorem 3.24 Let L € M3 and let Z,(L) be the Ms—space associated with L. Then,
the lattice K(L) of Boolean elements of L is isomorphic to the lattice OCa(Z,(L)) of

open, closed and AN—involutive subsets of I,(L), and the isomorphism is defined by
the restriction to K (L) of isomorphism o, : L — D(Z,(L)), defined as in (Al).

Proof. Immediate from (DP1) of Section 1, and Proposition 3.23. |
Corollary 3.25 Let L € M3 and let Z,(L) be the Ms—space associated with L. Then,

the lattice K (L) of Boolean elements of L is isomorphic to the lattice Conyzp(L) of
principal Ms—congruences on L, and the isomorphism is the composition ©pca © 0.

Proof. Immediate from Theorems 3.20 and 3.24. [ |

The following corollary provides a characterization of the congruences on the finite
Ms—lattices.

Corollary 3.26 The Mgz—congruences on a finite Ms—lattice are principal.
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Proof. Let L be a finite M3—lattice and let ¢ be an Mg—congruence on L. Then
by Theorem 2.4, there is an open and A—involutive subset G of Zp(L) such that
¢ = Opoa(G). On the other hand as L is finite, then Z,(L) is the cardinal sum of a
finite number of two-elements chains and the Priestley space topology is the discrete.
Then G is open, closed and A—involutive set and consequently the congruence that
determines, by Theorem 3.20, is a principal Mg—congruence. ]

Corollary 3.27 Let L be a bounded Msz—Ilattice such that its associated Ms—space is
the cardinal sum of n chains, with n a positive integer. If K (L) is the lattice of Boolean
elements of L, then |Conmg(L)| = |K(L)| = 2", where |Z| denotes the cardinality of
the Z set.

Proof. Let L be a bounded Ms—lattice in the conditions of the theorem. Then L is
a finite set and consequently, by Corollary 3.26, the congruences on L are principal.

On the other hand, from Theorem 3.20 and Proposition 3.13, each principal M z—congruence
on L is determined by a subset of Z,(L), which is a finite union of
two-element chains. Then taking into account Corollary 3.25, we conclude that

|K(L)| = |Conmap(L)| = (3) + (1) + ...+ (1) =2 |

Corollary 3.28 Let L be a finite Ms—lattice with n Boolean elements (i.e. |K(L)| =
n), then its Ms—space associated is a cardinal sum of Logan two-element chains.

Proof. It follows immediately from Corollary 3.27. |

Finally we were able to determine that the principal M3—congruences on an M3;—lattice
are the congruences associated to the ideals generated by the Boolean elements of this
algebra, as the following result shows:

Proposition 3.29 Let L € M3, T,(L) be the M3—space associated with L and a,b € L
such that a < b. If Va and Aa are the Boolean complements in K(L) of Va and Aa,
respectively, then the following conditions are equivalent:

(i) ©(a,b) = Oon(G),
(ii) ©(a,b) = Opa(or(d)), with d = (Vb A Va)V (AbA Aa)) € K(L),
(iii) ©(a,b) = O(I(d)), with d = (VbAVa)V (AbAAa)) € K(L), where 0(1(d)) is the

congruence associated to the ideal I(d).
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Proof. It is a direct consequence from Corollary 3.16 and Proposition 3.18. |

Corollary 3.30 Let L € Mg and let ¢ be a congruence on L. Then the following
conditions are equivalent:

(i) ¢ is a principal Mg—congruence on L,

(i) ¢ = 0(1(d)) with d € K(L), where 8(1(d)) is the congruence associated with the
ideal I(d).

Proof. It follows immediately by Theorem 2.4 and Proposition 3.29. |

Corollary 3.31 FEvery bounded Ms—Ilattice has the principal Mg—congruences equa-
tionally definable (CPDE).

Proof. It is immediate from Corollary 3.30. |

An important consequence of the above proposition is the following:

Proposition 3.32 If L € M3, ¢ and py are principal Mgz—congruences on L such
that o1 = 0(1(d)) and wy = 6(1(k)) with d,k € K(L), then the following properties are
verified:

(i) o1V =0(I(dVE)),
(ii) @102 =1V @s.

Proof. Let 1 and ¢y be principal Mz—congruences on L such that (1) ¢; =
0(1(d)), (2) po = O(I(k)), with d,k € K(L). By Proposition 3.18, we have that
01V 2 =0Opa(op(d))VOon(or(k)) and as ©Opa and oy, are isomorphisms, we obtain
(3) @1 V Y2 = G(I(d V k?))

On the other hand, we prove that ¢ 0@y = 1 V. Indeed, let (z,y) € @1 0ps, then
there exists z € L such that (z,2) € ¢y and (z,y) € ¢1. Then, taking into account (1)
and (2), it is fulfilled that xVk = 2VEk and 2Vd = yVd, whence zVdVk = zVdVk and
2VdVk =yVdVk. SoxVdVk=1yVdVk, from which we infer that (z,y) € 0(I(dVk))
and from (3) we then conclude that (z,y) € p1 V ¥o.

The other inclusion is immediate and it results from the fact that ¢; C 1 o @9 for
t = 1,2 and therefore 1 V s C 1 0 9. |
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Corollary 3.33 In the variety Mg, the composition of principal congruences is com-
mutative.

Proof. It is an immediate consequence of Proposition 3.32. |

4 Boolean M3—congruences
The following results give a characterization of Boolean congruences on Mj;—lattices.

Lemma 4.1 Let L € Mg, Z,(L) be the Ms—space associated with L and Y be an open
and A—involutive subset of ,(L). Then the following conditions are equivalent:

(i) Ooa(Y) is a Boolean Mg—congruence on L,

(i) Z,(L) \ 'Y is an open and AN—involutive subset of Z,(L).

Proof. (i) = (ii): Let Opa(Y) be a Boolean Ms—congruence on L. Then, there is
GOA(G) € C07L1\/[3 (L), such that @OA<Y) N QOA(G) = 1d;, and @OA(Y) U @OA(G) =
L x L, being Y and G open and A—involutive subsets of Z,(L).

Since Opn is an isomorphism it is verified that ©pa (Y NG) = Opa () and Opa (YU
G) = ©oa(Z,(L)). Hence, YNG =0 and Y UG = Z,(L), and therefore G = Z,(L)\ Y,
which implies that Z,(L) \ Y is an open and A—involutive set.

(ii) = (i): Let G =Z,(L) \'Y be an open and A—involutive subset of Z,(L), then
Oona(G) € Conpgg(L). From the Theorem 3.20, Y is also an open and A—involutive
set, therefore we have to ©pa(Y) € Conpmg(L). Besides, for being ©pa an iso-
morphism, we have that ©pa(Y) N Opa(G) = Ooa(Y NG) = Opa(0) = id, and
Oon(Y)UBoa(G) =0Boa(Y NG) =0Ooa(Z,(L)) = L x L, which implies Opa(Y) is a

Boolean M3—congruence. |

Proposition 4.2 Let L € M3 and let Z,(L) be the Ms—space associated with L. If Y
is a subset of T,(L), then the following conditions are equivalent:

(i) ©®oa(Y) is a Boolean Mz—congruence on L,

(i) Y is an open, closed, and AN—involutive subset of Z,(L).

Proof. (i) = (ii): If ©pa(Y) is a Boolean Ms—congruence on L, then Y is an open
and A—involutive subset of Z,(L). By Lemma 4.1, it is verified that Zp(L) \ Y is also
an open and A—involutive subset of Z,(L), then we have that Y is an open, closed and
A—involutive subset of Z,,(L).
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(ii) = (i): Let Y be an open, closed, and A—involutive subset of Z,,(L). Then Z,(L)\Y
is an open and A—involutive subset and by Lemma 4.1, we can conclude that ©pa(Y)
is a Boolean M3—congruence. |

Corollary 4.3 Let L € M3. Then the following conditions are equivalent:
(i) ¢ is a Boolean Mg—congruence on L,
(ii) @ is a principal Ms—congruence on L.

Proof. It follows from Theorem 3.20 and Proposition 4.2. |

Theorem 4.4 Let L € Mg and let Z,(L) be the Ms—space associated with L. Then,
the lattice OCAZ,(L) of open, closed and AN—involutive subsets of I,(L) is isomorphic
to the lattice Conmgp(L) of Boolean Mg—congruences on L, and the isomorphism
is established by function ©ocn @ OCA(Z,(L)) — Conmyp(L) defined by the same
prescription as the function Ooa given in (A3).

Proof. It is immediate by Corollary 4.3 and Theorem 3.20. |
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